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Abstract. This paper deals with the geometric local theta correspon¬ 
dence at the Iwahori level for dual reductive pairs of type II over a non 
Archimedean field F of characteristic p ^ 2 in the framework of the geo¬ 
metric Langlands program. First we construct and study the geometric 
version of the invariants of the Weil representation of the Iwahori-Hecke 
algebras. In the particular case of (GLi, GL m ) we give a complete geomet¬ 
ric description of the corresponding category. The second part of the paper 
deals with geometric local Langlands functoriality at the Iwahori level in 
a general setting. Given two reductive connected groups G, H over F and 
a morphism G x SL 2 —» H of Langlands dual groups, we construct a bi¬ 
module over the affine extended Hecke algebras of H and G that should 
realize the geometric local Arthur-Langlands functoriality at the Iwahori 
level. Then, we propose a conjecture describing the geometric local theta 
correspondence at the Iwahori level constructed in the first part in terms 
of this bimodule and we prove our conjecture for pairs (GLi, GL m ). 
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1. Introduction 

In this paper, our aim is to study the geometric local theta correspondence 
(also known as the geometric Howe correspondence) at the Iwahori level for 
dual reductive pairs of type II in the framework of the geometric Langlands 
program. We develop this work in two directions. The first path consists in 
geometrizing the classical Howe correspondence at the Iwahori level by means 
of perverse sheaves and understanding the underlying geometry. The second 
path consists in constructing a bimodule that should realize the geometric local 
Arthur-Langlands funtoriality at the Iwahori level and studying the relation 
between the bimodule realizing the geometric Howe correspondence and the 
one realizing the geometric local Arthur-Langlands funtoriality at the Iwahori 
level. Some of the constructions are done in all generality while some others 
are only established for dual reductive pairs of type II. 

The basic notions of the Howe correspondence from the classical point of 
view have been presented in [35]. Let k = F 5 be a finite field of characteristic 
p different from 2 and let F = k((f)) and O = k[[t]]. All representations 
are assumed smooth and will be defined over Q^, where £ is a prime number 
different from p. Let (G, H ) be a split dual reductive pair in some symplectic 
group Sp(W) over k. Denote by (<S,cj) the Weil (metaplectic) representation of 
the meteplectic group associated to Sp(W), see [35] and [22]. We assume that 
the metaplectic cover admits a section over G(F ) and F[{F). Then, the Howe 
correspondence is a correspondence between some classes of representations 
of G{F) and H(F) by means of the restriction of the Weil representation to 
G(F) x H{F). This correspondence has been proved in odd characteristic for 
dual pairs of type I in [39] and for dual pairs of type II by Howe and Minguez 
[32]. 

It is interesting to understand the geometry underlying the Howe correspon¬ 
dence and establish its analog in the geometric Langlands program. This has 
been initiated by V.Lafforgue and Lysenko in [23], where the authors construct 
a geometric version of the Weil representation. The second author then stud¬ 
ied the unramified case in [31] from global and local point of view for dual 
reductive pairs (Sp2 ra ,S02 m ) and (GL m ,GL n ). One of our motivations is to 
extend the results in [31] to the geometric setting of tamely ramified case (the 
Iwahori level). 

It is known that the Howe correspondence realizes the Langlands functo- 
riality in some special cases. In the classical setting the reader may refer to 
[18], [22], [32], [36], and in the geometric setting one can refer to [31]. Adams 
in [1] suggested conjectural relations between Howe correspondence and Lang¬ 
lands functoriality. Let G (resp. H ) denotes the Langlands dual group of G 
(resp. of H ) over Q^. Under some assumptions, it is expected that there is a 
morphism G x SL 2 — » H such that if it is a smooth irreducible representation 
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of G(F) appearing as a quotient of the Weil representation S and it' is the 
smooth irreducible representation of H(F) which is the image of it under the 
Howe correspondence, then the Arthur packet of it' is the image of the Arthur 
packet of n under the above morphism. For more details we refer the reader 
to [3], [22], [34], [36], 

Let us describe the basic setting of this paper. Let Iq (resp. Ih) be a Iwa- 
hori subgroup of G{F ) (resp. H(F)). At the Iwahori level we are interested 
in the class of tamely ramified representations. A irreducible smooth repre¬ 
sentation of ( 7 r, V) of G(F) is called tamely ramified if the space of invariants 
under the Iwahori subgroup Iq is non-zero. The category of tamely rami¬ 
fied representations is the full subcategory of smooth representations of finite 
length consisting of those representations whose all irreducible subquotients 
are tamely ramified. Denote by 74 j G the Iwahori Hecke algebra of G. Accord¬ 
ing to [12, Theorem 4.10] there exists an equivalence of categories between the 
category of tamely ramified smooth representations of G(F) and the category 
of finite-dimensional 74/ G -modules. By using this result, we are going to work 
with finite-dimensional 74 i G -modules instead of smooth tamely ramified rep¬ 
resentations of G(F). Our strategy is to study the bimodule structure of the 
space of invariants S Igx1h as a module over the tensor product 74/ G ®74/ H of 
Iwahori-Hecke algebras in a geometrical setting. In the sequel (except for §8, 
where we will consider any reductive connected group), we restrict ourselves 
to the case of dual reductive pairs of type II. More precisely, let Lq = k ra and 
Uq = k m with n < m and let G = GL(Lo) and H = GL(f/o). Denote by 
n(T) the space Uq <S) Lq(F ) and 5(n(i 7 )) the Schwartz space of locally con¬ 
stant functions with compact support on n(i ? ). This Schwartz space realizes 
the restriction of the Weil representation to G(F) x H(F), see [35]. 

Let us explain in details the constructions as well as the main results of 
the geometrization of the Howe correspondence. Our first step is to define the 
geometric counterpoint of the space of invariants 5(n(i ? ))' fG>< b f and the Hecke 
actions of 74/ G and 7 ii H on this space. This is done in §3, where we define the 
category of Iq x 7#-equivariant perverse sheaves Pj gX i h (U(F)) on the pro-ind 
scheme n(i ? ) as well as the derived category Dj gX j h (U(F)). The construction 
of these categories uses some limit procedure (this issue has been taken care of 
in [31, Appendix B]). Moreover, we define two Hecke functors geometrizing the 
bimodule structure of S IgxIr in §4; which define the action of the category 
Dj g (FIq ) of /G-equivariant 7-adic sheaves on the affine flag variety FIq (the 
same for 77) on Dj gX j h (U(F)). These are the generalization to the Iwahori 
case of the Schwartz space and Hecke functors defined in [31] at the unramified 
level. 

Next we study the action of the Hecke functors on D H ^ X icWF)) of 
77(0) x 7G-equivariant perverse sheaves on n(7 ? ). This category is acted on by 
the category Ph( 0 )(Gi"h) of 77(0)-equivariant perverse sheaves on the affine 
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Grassmannian Gru and the category Pj G (Fl G ). In §5, combining our com¬ 
putations and a result of [31] in the unramified case, we prove the following 
result: 

Theorem A (Theorem 5.18). The Hecke functor 

Di G (Gr G ) -» D h(0)xIg (11(F)) 

yields an isomorphism at the level Grothendieck groups between K(Pj c (Gr G )) 
and K(Pjf^ x j G (H(F))) commuting with the above actions of K(Pjjio)(Gvh)) 
and K(P Ig (FI g )). 

At the unramified level, this isomorphism is actually verified at level of 
categories themselves (see [31]) and one would hope that the same would be 
true at the Iwahori level. 

In §6, we present one of our key results on the simple objects of the category 
Pi hX i g {T1(F)). In Proposition 6.4, we describe these simple objects in the case 
n = m and then we establish the general case: 

Theorem B (Theorem 6.6). Assume n < m. 

Any irreducible object of Pj hX j g (U(F)) is of the form . IC(II)() r ) for some w 
in X G x S n>m , where n)() r is the Ih x I G -orbit indexed by w on II(i ? ). 

In §7 we restrict ourselves to the case of the dual pairs GLi and GL m for 
all m > 1. In this setting, in a series of propositions, we are able to give a com¬ 
plete geometric description of the module structure of K(Pj gX j h (U(F))) under 
the action of the Hecke functors. More precisely we work with the category 
DPi gX i h (J^(F)) which takes in consideration the action of the multiplicative 
group G m by cohomological shift —1. All our computations are at the level of 
perverse sheaves and the symmetry in this case comes from the action of the 
perverse sheaves in Pj h (FIh) associated with the elements of length zero in 
the affine extended Weyl group of H. 

Theorem C (Theorem 7.9). Let n = 1 and m> 1. 

The bimodule K(DPj gX j h (Y 1(F))) is free of rank rn over the representation 
ring of G x G m with basis {IC°,... ,IC m_1 } and the explicit action ofWn is 
given by the following formulas: 


For 1 < i < m : H H (L Si , IC*)=>IC* +1 © IC*- 1 . 

For 1 < i < m : H h (L s .,, IC*)=>IC m ’ ! © IC*" 1 . 

< If j + i mod m : H h (L 8 ., IC^IC^(Q,[l](l/2) + Q,[-l](-l/2)). 
If j + i mod m : H H (L Si] ,lC j )^=AlC j [-l}(-l/2). 

For any* and k in 7L : Hn(L Wi , !C k ) : ^AlC k+ ' 1 
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Section 8 is devoted to a purely general construction on the geometric local 
Arthur-Lagnlands functoriality at the Iwahori level. Consider G and H two 
split reductive connected groups over k and a map G X SL 2 -A H of dual 
Langlands groups over Q^. To this data we attach a bimodule K{X) over 
the affine extended Hecke algebras He and H#. We propose the following 
conjecture: 

Conjecture D (Conjecture 8.7, [15]). The bimodule over the affine extended 
Hecke algebras He and Mh realizing the local geometric Langlands functoriality 
at the Iwahori level for the map a : G X G m — > H identifies with K(X). 

We also describe some additional properties of the bimodule K(X) in §8.8. 
Let us explain some motivation for this conjecture, as well as the forthcoming 
Conjecture F. In [16], the authors conjecture the existence of some category 
Cq over the stack of G-local systems over D* = Spec(k((f))) endowed with a 
"fiberwise" action of G(F). Some conjectures about this category have been 
formulated in [16]. The construction of this category is more tractable at the 
Iwahori level. Denote by Nq the nilpotent cone of G and Nq its Springer 
resolution. The stack quotient Nq/G classifies G-local systems with regular 
singularities at the origin and unipotnent monodromy. These G-local systems 
are called tamely ramified. Denote by Cc,nilp the category obtained from Cq 
via the base change Nq/G —> LSq(D*), where LSq(D*) stands for the G'- 
local systems on D*. The authors conjecture [16, Formula 0.20] the following 
isomorphism 

(1.1) K(C’ c % lp )=iK(Ma/6), 

where the left hand side is the Grothendieck group of the category of Iq- 
invariants in the category Cc nilp aR d the right hand side is the Grothendieck 
group of the category of coherent sheaves on the stack Nq/G. Moreover, this 
isomorphism should be compatible with the action of the affine extended Hecke 
algebra. The stack X appearing in Conjecture E is a refinement of the stack 
Nq/G in our setting. 

Let us now explain the link between K(X) and geometric Howe correspon¬ 
dence at the Iwahori level. Consider a dual (split) reductive pair ( G,H ) over 
k with a given map G x SL 2 —> H. In [23] the authors construct a category 
W called the Weil category equipped with an action of (G x H)(F). This is a 
geometrization of the Weil representation. Inspired from the series of conjec¬ 
tures presented in [16], Vincent Lafforgue conjectured that there should exist 
an equivalence of categories 

(l- 2 ) W- >Cg X LSfj(D*) Ch 

as categories equipped with an action of (G x H)(F). 

Building on Conjectures (1.1) and (1.2), we present a new conjecture at the 
level of Grothendieck groups linking the geometric Howe correspondence and 



6 


BANAFSHEH FARANG-HARIRI 


local Arthur-Langlands functoriality at the Iwahori level. Let us first give the 
context of this conjecture. Denote by (DW) IgxIh the invariants of the cat¬ 
egory DW, the latter being a graded version of W. Denote by DPj g (FIq) 
the category whose objects are direct sums of shifted /c-equivariant perverse 
sheaves on FIg- This monoidal category takes in consideration the action 
of G m by cohomological shift. The category (DW) IgxIh is acted on by 
DPj g (J 7 Ic) and DPj h (FIh)- The group K(DPj g (FIg))<S>Q>£ is isomorphic to 
the Iwahori-Hecke algebra Hi g . Hence, K((DV\J) IgxIh ) is a bimodule under 
the action of TLi g and %i H . According to Iwahori-Matsumoto [19] the Iwahori- 
Hecke algebra Hi g is isomorphic to the affine extended Hecke algebra Hg after 
specialization. Hence, the algebra K((DyV) IaXlH ) is a bimodule over and 
H#. Moreover, by the Kazhdan-Lusztig-Ginzburg isomorphism [21] and [14], 
the affine extended Hecke algebra Hg is isomorphic to the G x G m -equivariant 
K-theory /t GxGm (Z ( j) of the Steinberg variety of G. This isomorphism is 
used to define He and module structure on K(X). Remark that the usual 
Kazhdan-Lusztig-Ginzburg isomorphism can be upgraded to the following iso¬ 
morphism: 

K(DP Ia (n G ))^=*K GxG ”' (z 6 ). 

Recently, Bezrukavnikov proved in [10] an equivalence of categories between 
Dj g (PIq) and the category of coherent sheaves on the Steinberg variety of G 
lifting this isomorphism to the categorical level. 

We may now present our second conjecture: 

Conjecture E ([15]). The bimodule K{X) is isomorphic to the Grothendieck 
group of the category ( DW) Igx1h under the action of the affine extended Hecke 
algebras Hg and H#. 

If G = GL„ and H = GL m , we can give a more concrete conjecture build¬ 
ing on our construction of the geometric version of the Howe correspondence 
K(DP IgxIh (U(F))): 

Conjecture F (Conjecture 9.1, [15]). Let G = GL n and H = GL. m . 

The bimodule K(X) is isomorphic to the Grothendieck group of the category 
K(DPj gX j h (H(F))) under the action of the affine extended Hecke algebras He 
and EI# 

The last section §9 is devoted to the proof of the Conjecture F in a particular 
case. The result we obtain is 

Theorem G (Theorem 9.2, [15]). For any m. > l, Conjecture F is true for 
the pair (GLi, GL m ). 

This theorem expresses the Howe correspondence in terms of K(X) for pairs 
(GLi, GL m ). The idea underlying this Theorem is that the explicit description 
of the Howe correspondence in the classical setting obtained by Minguez in [32] 
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should be upgraded to a finer description of the bimodule in terms of the stack 
X attached to the map G X SL 2 —> H. This opens an important perspective as 
the same description should also hold for other dual pairs. Especially it should 
be interesting to obtain a similar result for the dual pairs (Sp 2 n , S02m) and 
provide in this way a conceptually new approach to the computations done in 
[5] and [4]. Another important perspective is a hope that the whole derived 
category Dj gX i h (H(F )) could possibly be described in terms of the derived 
category of coherent sheaves over the stack X in the same spirit of the recent 
work in [10] and [2]. 

Acknowledgments: The author would like to thank Vincent Lafforgue who 
agreed that an unpublished conjecture of his be included in the manuscript. 
The results presented in this paper are part of the Ph.D. thesis of the author 
under the supervision of Sergey Lysenko. 

2. Notation 

In this paper, k is an algebraically closed field of characteristic p > 2 except 
for §8 and §9 where k is assumed to be finite. Let F = k((f)) be the field of 
Laurent series with coefficients in k and O = k[[t]] its ring of integers. Let £ be 
a prime number different from p. We will denote by G a connected reductive 
group over k and by G(F) the set of its T-points. Fix a maximal torus T 
and a Borel subgroup B of G containing T. Throughout the paper we denote 
by X the lattice of characters of T and by X the cocharacters lattice of T, 
see for background and details [13]. We denote by R the set of roots and by 
R the set of coroots. Denote by (X,R,X,R, A) the root datum associated 
with ( G,T,B ), where A denotes the basis of simple roots. Denote by X + 
the set of dominant cocharacters of G. Denote by Iq the Iwahori subgroup of 
G(F) associated with B. Denote by G the Langlands dual group of G over 
(QV All representations are assumed to be smooth and are considered over 
Qy We denote by Rep(G) (resp. R(G')) the category (resp. ring) of smooth 
representations of G over Q^. 

Denote by Wq the finite Weyl group of the root datum (X, R , X, R, A) and 
by Sq, the simple reflection corresponding to the root a. We denote by wq 
the longest element of the Weyl group W q . In all our notation, if there is no 
ambiguity we will omit the subscript G. Denote by Wq the affine extended 
Weyl group, which is the semi-direct product Wq tx X where W q acts on A in a 
natural way. We will assume additionally that the root datum is irreducible and 
the unique highest root will be denoted by cfo- Let S a ff = {s a |a € A} U {so}, 
where sq = t~ a °Sa 0 ■ The subgroup W a ff of Wq generated by S a ff is the affine 
Weyl group associated with the root datum. Denote by £ the length function 
defined on the coxeter group W a ff which extends to a length function on Wq- 
Let Q denote a subgroup of X generated by coroots. One has W a ff : ^GWG x Q 
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and the subgroup W a ff is normal in Wq and admits a complementary subgroup 
D = {w G Wg\(-{w) = 0}, the elements of length zero. Moreover, we have 
Wc—^Waff xi D, which we will use as a description of Wq. 

For any scheme or stack S locally of finite type over k, we denote by D(S ) 
the bounded derived category of constructible (Q^-sheaves over S. Write D : 
D(S ) —> D(S ) for the Verdier duality functor. We denote by P(S) the full 
subcategory of perverse sheaves in D(S). We will also use a subcategory DP(S ) 
of D(S ) defined over any scheme or stack S. The objects of DP(S ) are the 
objects of ©jgg -f > ('S , )[*]> and for K,K' G P(S ) and i,j G Z the morphisms 
are: 

Hm n DP{s) (m,K' b]) = {H°m P(S) (K,K') 

Let X be a scheme of finite type over k and let G be a connected algebraic group 
acting on X. We denote by Pg{X) the full subcategory of P{X) consisting 
of G-equivariant perverse sheaves. The derived category of G-equivariant 
sheaves on X is denoted by Dq{X). For any smooth d-dimensional irreducible 
locally closed subscheme Z of X, if i : Z —> X is the corresponding immersion, 
we define the intersection cohomology sheaf (IC-sheaf for short) IC(Z) as the 
perverse sheaf iz\*{Qe)[d\- 

Let us recall the affine Grassmannian and affine flag variety and some of 
their properties, see [8] and [33]. We denote by Gro the affine Grassmannian 
defined as the k-space quotient G(F)/G(0). If G is the linear algebraic group 
GL n over k, the k-points of Grc is naturally identified with the set of lattices 
in k((f)) n , see [6]. The affine Grassmannian is an ind-scheme of ind-finite type. 
Given A in X, the G(0)-orbit associated with Wq. A is G(0).t. \ we denote by 
Gtq. We have the Cartan decomposition of G(F) : 

G(F) = [J G{0)t x G{0). 

AG.Y+ 

For any A and /i in X + , Gtq C Gr^, if and only if A — ^ is a sum of positive 
coroots and 

Gr^ = |J Gr M . 

/i,< A 

For any A in X + , the dimension of Gvq is (2/5, A), where p = — YlaeR+ ® 
the half sum of positive roots. 

Denote by FIq the affine flag variety for G defined as the quotient k-space 
G(F)/Iq, which is an ind-scheme of ind-finite type as well. The affine flag 
variety decomposes as a disjoint union 

XIa = y IgwIg/Ig- 

w€W G 
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The closure of each Schubert cell IgwIq/Ig is a union of Schubert cells and 
the closure relations are given by the Bruhat order: 

I g wI g /Ig = IJ IgwIg/Ig- 

w' <w 

For any w G Wg we will denote the Schubert cell IgwIg/Ig by FVq- It is 
isomorphic to A^ w \ 

Let R be a k-algebra. A complete periodic flag of lattices inside R((t)) n is 
a flag 

L_i C L 0 C Li C ... 

such that each L* is a lattice in R((t )) n , each quotient Lj + i/Lj is a locally free 
i?-module of rank one and L n+ k = for any k in Z. 

For 1 < i < n, denote by {ei,..., e n } a basis of Lq and set 

K,r = (©}=it 1 -R[[i]]ej) © ((B‘j =i+1 R[[t]]ej). 

For all i in Z, we set Ai+ n ,_R = t _1 Aj.R. This defines the standard complete 
lattice flag 

A_i ,r C A 0 ,r C Ai ; r C ... 

denoted by A #j r in R((t)) n . Each point of GL n (R((t))) gives rise to a flag of 
lattices inside R((t)) n by applying it to the standard lattice flag. The Iwahori 
subgroup Iq C GL n (k[[t]]) is precisely the stabilizer of the standard lattice 
flag A. k- For any k-algebra R, J-lcL n (R) is naturally in bijection with the set 
of complete periodic lattice flags in R((t)) n . 

Denote by Pg(O)(^ t g) (resp. P/ G (Grc)) the category of G(O )-equivariant 
(resp. /c'-equivariant) perverse sheaves on the affine Grassmannian Gtq and 
denote by Pj c (PIg) the category of /^-equivariant perverse sheaves on the 
affine flag variety J-Iq. The category Pg(O) (Gt'g) is equipped with a geomet¬ 
ric convolution functor denoted by * which preserves perversity and makes 
Pg(0) {G t g) into a symmetric monoidal category, see [33]. We define the ex¬ 
tended geometric Satake equivalence in the following way: 

PPg(o) (G^g)— s > Rep(G x G m ), 

for any perverse sheaf K in Pg( 0 ){Gtg) and any integer i, this functor sends 
K\i\ to loc(it) <8> I® - *, where I is the standard representation of G m and 
loc : PcWGVg) —> Rep(G) is the Satake equivalence. 

One may define a geometric convolution functor on Dj g (PIq) as well but 
this convolution functor does not preserve perversity, see [17] and [2], 

Assume temporarily that the ground field k is the finite field F 9 . We define 
the Iwahori-Hecke algebra Ri g to be the space C c (Ig\G(F)/Ig) of locally 
constant, /o'-bi-invariant compactly supported Q^-valued functions on G(F). 
We fix a Haar measure dx on G(F) such that Iq be of measure 1 and endow 
Rj g with the convolution functor. There are two well-known presentations of 
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this algebra by generators and relations. The first is due to Iwahori-Matsumoto 
[19] and the second is by Bernstein in [27] and [25]. We will use the second 
presentation. Moreover, we have the isomorphism K(DPj g • 

3. Geometric model of the Schwartz space at the Iwahori level 

Let Mq be a finite-dimensional representation of G over k and let M = 
Mq O. The definitions of the derived category D(M(F)) of Gadic sheaves 
on M(F ) and the category P(M(F)) of Aadic perverse sheaves on M(F ) are 
given in [31]. The category D(M(F)) is a geometric analogue of the Schwartz 
space of locally constant functions with compact support on M(F). We recall 
their definition briefly and the use them to define the /c-equivariant version 
of these categories. One can find general details on ind-pro systems in [31, 
Appendix B], These are the generalizations of the construction in [31] in the 
tamely ramified case. 

For any two integers N, r > 0 with N + r > 0, set ALv,r = t~ N M/t r M. 
Given positive integers Ni > IV 2 , r\ > 7 * 2 , we have the following Cartesian 
diagram 


(3.1) 


M n <—i -M 


M n 

JV2. r 2 


M Nl , r2 


where i is the natural closed immersion and p is the projection. Consider the 
following functor 

D ( M N) r 2 ) —> D(M N<ri ) 

(3.2) K —> p*K[dimrel(p)] 

According to [7, Proposition 4.2.5] the functor (3.2) is fully faithful and exact 
for the perverse t-structure. The functor i* is fully faithful and exact for the 
perverse t-structure as well. This yields a commutative diagram of triangulated 
categories: 


(3.3) 




p* [dim rel (p)] 

D(M 


N2G2 - 


D(M i 


p* [dim rel(p)] 


D(M i 


JVi , r 2 1 


The derived category D(M(F )) is dehned as the inductive 2-limit of derived 
categories Z?(Mjv,r) as N, r go to infinity. Similarly, P(M(F)) is defined as the 
inductive 2-limit of the categories P(M^f r ). 

Assume N + r > 0. The subgroup G(O) acts on Mjv, r via its finite dimen¬ 
sional quotient G((D/t N+r O). Denote by I s the kernel of the map G(Q) —> 
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G(0/t s 0). The Iwahori subgroup Iq acts on Afv.r via its finite-dimensional 
quotient Iq /Ly+r ■ For s > 0 denote by K s the quotient Iq/I s . 

Let ri > N + r > 0, we have the projection K ri -» K^+r- This leads to the 
following projection between stack quotients 

q : K ri \M N>r -» K N+r \M N)V , 

and gives rise to an equivalence of equivariant derived categories 

DK N+r (M N ^) : ^-D Kri ( M N)T ). 

This equivalence is also exact for perverse t-structure. Denote by D/ G (Afjv,r) 
the derived category of K ri -equivariant Cadic sheaves (Afy^) for any 

ri > N + r. 

By taking the stack quotient of Diagram (3.1) by K^ 1+ri , we obtain 


(3.4) 


D I G ( M N 2 , ri ] 

p* [dim rel(p)\ 

D I G ( M N 2 ,r 2 : 


Di G (M Nin ) 

I p* [dim rel(p)\ 


d Ig (m N i , 


T2> 


where each arrow is fully faithful and exact for the perverse t-structure. De¬ 
fine Dj g (M(F )) as the inductive 2-limit of Dj g (M n r ) as N,r go to infinity. 
Similarly we define the category Pj g (M(F)). Since the Verdier duality ID is 
compatible with the transition functors in both diagrams (3.3) and (3.4) we 
have the Verdier duality self-functors D on Dj g (M(F)) and D(M(F)). 

In order to define an action of the Hecke functors on Dj g (M(F)), let us first 
define the equivariant derived category Dj g {M{F) X Flo)- Let si,S 2 > 0 and 
set 


(3.5) Sl ,s 2 G(F) = {ge G(F)\ t s 'M C gM C t~ S2 M}. 

Then S2 G(F) C G(F) is closed and stable under the left and right mul¬ 
tiplication by G(0). Further, s1i3 ^FIg = Sl S2 G{F)/Iq is closed in FIq. For 
s) > si and s ' 2 > S 2 , we have the closed embeddings S1 S2 F(q ^ > 'FIq and 
the union of S1:S2 F£q is the affine flag variety FIq. The map sending g to g 
yields an isomorphism between S2 G(F) and 32 G(F). 

From now on let us assume Afo is a faithful representation of G. Then 
s1)S2 FIq C FIq is a closed subscheme of finite type. 

Lemma 3.6. For any S\,S 2 > 0, the action of G(O) on S2 FIg factors 
through the quotient G(0/t Sl+S2+l O). 

Proof. Choose a Borel B in GL(Mq) such that B = G fl B . Denote by 

M C Mi C • • • C M n = t _1 Af 
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the full flag preserved by B!. The Iwahori subgroup Iq consists of the elements 
g of G{F) preserving M together with the flag (M)j above. Hence the map from 
Tic to TIql(m 0 ) sending a point qIq to the flag (gM c gMi C ■ ■ ■ C gM n ) is 
a closed immersion. Thus Tin is realized as the closed subscheme in the 

s l> s 2 ^ 

scheme classifying a lattice M such that t Sl M C M C t~ S2 M together with 
the full flag 

M' C M[ C • • • C A< = t~ l M'. 

The action of G(O) on the latter scheme factors through G(0/t Sl+S2+1 0). □ 


The action of Iq on „ 1S2 TIg factors through I\ s = Ig/I s for s > si +S 2 + 1. 
If s > max{A^ + r, si+ S 2 +1}, the group K s acts on M Nr x s1:S2 TIg diagonally 
and we can consider the equivariant derived category Dk s {M Nt X so TIg)- 
For s' > s one has a canonical equivalence 


d k s (M n x s . s ,Tl G ) — >D k , (M h 


,n G ). 


Define D I(3 (M N)r x 31iS2 Tl G ) as the category D Ks {M N)T X s1>S2 TIg) for any 
s > max{AI + r, si + S 2 + 1}. 

We define the category Dj a (M(F) x TIg) as the inductive 2-limit of the 
category Dj G (AI Nr x 31:S2 TIg ) as N, r, si,S2 go to infinity. The subcategory 
Pj g (M (F) x TIg ) C Dj g (M(F ) x TIg) of perverse sheaves is defined along 
the same lines. 


4. Hecke functors at the Iwahori level 

We use the same notation as in the previous section. Denote by fi in X + 
the character by which G acts on det(Mo)- The connected components of 
the affine Grassmannian Gtg are indexed by the algebraic fundamental group 
7Ti(G) of G, see [8]. For 6 in vri(G), choose A in X + whose image in vri(G) 
equals 6. Denote by Gvq the connected component of Gtg containing Gtq. 
The affine flag manifold TIq is a fibration over GrQ with typical fiber G/B. 
Hence the connected components of the affine flag variety TIg are also indexed 
by tt\{G). For 6 in 7 Ti(G), denote by Tl e G the preimage of Gr e G in TIq- Set 

Let us now define the Hecke functors (geometrization of the action of the 
Iwahori-Hecke algebra Bi g on the invariants of the Weil representation under 
the action of Iq) of Pj g (TIg ) on Dj g (M(F)), denoted by 

(4.1) H G : D Ig (TIq) x D Ig (M(F )) —> D Ia (M(F)). 

Consider the following isomorphism 


a : M(F) x G(F) 

C v,g )- 


M(F) x G(F) 
(g^v,g). 
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Any element (a, b) £ I G x Iq act on the source by ( a,b).(v,g ) = ( av,agb ) and 
act on the target (v ,g)by(a,b).(v ,g) = (b~ 1 v ,ag b). The map a is I G x I G - 
equivariant with respect to these two actions. Hence this yields a morphism 
of stacks 

M(F) x Tl G —£ ( M(F)/I G ) x Fl G , 
and enables us to define the following morphism of stack quotients 
act q : I G \(M(F) x Fl G ) — » ( M(F)/I G ) x ( I G \Fl G ), 

where the action of I G on M(F ) X Fl G is the diagonal one. The following 
lemma generalizes a construction done in [31, §4] to the Iwahori case. 

Lemma 4.2. There exists an inverse image functor 

act * : D Ia (M(F)) x D Iq {FI g ) D Ia (M(F) x Fl G ) 

which preserves perversity and is compatible with the Verdier duality in the 
following way: for any /C in Dj a (M(F)) and F in Dj g (FI g ) we have 

H)(act*(IC, T)) := 4act*(D(/C),D(T)). 

Proof. Given N, r, s\,S 2 > 0 with r > si and s > maxlA" + r, si + S 2 + 1}, 
one can define the following commutative diagram 


AT 


G(F) 


act 


M, 


N-\-si ,r — si 



The action map act sends the couple (v,g) to g~ l v. The maps pr \. pr -2 and 
pr are projections. The map q G sends the couple (v,g) to (v,gI G ). All the 
vertical arrows are the projections of the stack quotients for the action of the 
corresponding group. The group K s acts diagonally on M^, r x s S2 ^G an< A 
the map act q is equivariant with respect to this action. This enables us to 
define the following functor: 

D lG (M N+Sl , r - Sl ) x D Ia { 3 itS 2 Fl G ) ^ D lG (M N , r x Sl ^Fl G ) 

sending (/C, T) to 

(■ act* S JC) (8) pr 2 T[dim(K s ) — c + si dim Mf\ 
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where c equals (9,fi) over s so Fl 6 G . 

Set r\ > ?’2 and s > max{si + S 2 , N + n}. Then we have the diagram 

_ act a s 

(4-3) K s \(M Nt r 1 X S1 , S2 ^ G ) -^ 4v s \(Af/v+s 1 ,r 1 -s 1 ) 

_ act n s 

K s \(M Nt r 2 X n , S2 ^ G ) -^ K S \(M N+Sur2 - S1 ) 

The functors temp and the transition functors in (4.3) are compatible. This 
gives rise to a functor 

temp N , sl!S2 : D Ig (M n+s1 ) x D Ig ( siS 2 FI g ) — D Iq (M n x s1iS2 FIg), 
where M/v = t~ N M. 

Let JVi > iV + S 2 - Then iV < iVi — S 2 < iVi + si and we have the closed 
immersion ATv M]\r 1+Sl . Thus we have 

(4.4) d Ig (m n ) x D Ia ( si ' S2 n G ) — d Ig (m N i+s1 ) x D lG ( ai ' t2 n G ) 

tempNi ,S2 

Di g (M Ni x S1>S2 FI G ) 


D Ig (M(F) x S1iS2 ^ g ) 

where the first arrow is the extension by zero under the closed immersion 
Mn M Ni+s1 . For any JC in Di g (Mn) and any T in Z?/ G ( S2 Fl G ), the 
image of (1C, T) under the composition (4.4) does not depend on N\. So we get 
a functor 


temp SuS2 : D Iq (M n ) x D Iq ( SiS 2 FI g ) —» D Ig (M(F) x SliS2 Fl G ). 

For any > .sq, and s 2 > .sq, we have the extension by zero functors 

Di G ( n , S 2 n G )^D lG ( s[ ,Fe G ), 


which are compatible with our functor temp SlS2 , so this yields the desired 
functor 


act* Q :D I (M(F))xD I (n G ) 


tem: 


Dj g (M(F) x Fl G ). 


One checks that D(act*(/C, T)) —»aci*(ID>(/C), B(T)), and act* preserves per¬ 
versity. □ 

For any N,r,s\,S 2 greater than zero satisfying the following condition s > 
nraxjiV + r, si + S 2 + 1}, consider the projection 

pr : K s \(M N>r x Fl G ) —» 


K s \M Ni ri 



GEOMETRIC HOWE CORRESPONDENCE AND LANGLANDS FUNCTORIALITY 15 


which gives us 

Pr\ ■ D Ks (M Nr x ^Ig) —> D Ks {M Nr ). 

These functors are compatible with the transition functors in (4.3) and yield 
a functor 

m : D Ia {M(F) X n G ) —a D Ia (M(F)). 

f — 

For any K. in Dj ( M(F )) and T in Dj (Pl G ), the Hecke operator Hq( , ) 
(4.1), is defined by 

H g (T,K) = pn(act*(K,T)). 

Moreover, this functor is compatible with the convolution functor on Di g (FI g ). 
Namely, given 71,72 in Dj g (FI g ) and /C in Dj g (M(F)), one has naturally 

h g (Ti,h g (t 2 ,ic))=>h g (Ti a r 2 , K). 

One may also consider the category DPj g (FI g ) and consider the Hecke func¬ 
tors in the form 

(4.5) H G : DPj g (FI g ) x D Ig (M(F)) —a D Iq (M(F )) 

defined by H G (T[i], K ) = H G (T,K)[i] for j G Z and T G Pi g {FI g ). 

Let * : Pj g (FI g )^>Pj g (FI g ) be the covariant equivalence of categories in¬ 
duced by the map G(F ) —> G(F), g i-A p _1 . We may define the right action 

H G : Dj g (FI g ) x D Ig (M(F )) -A D Ia (M(F )) by H G (T,K) = H G (*T,K). 

Example 4.6. Let R, r > 0 and t r M cVct R M be an intermediate lattice 
stable under I G . Let K G Pj G {Mn r ) be a shifted local system, on V/t r M C 
t~ R M/t r M. We are going to explain the above construction explicitly in this 
case. Let T be in Dj g ( si s ^FI g ). Choose r\ > r + si. If g is a point in aitSO IFl G 
then t ri M C gV. So we can define the scheme 

(v/t r M)x sitS2 n G 

as the scheme classifying pairs ( gI G ,m ) such that gI G is an element of sn J 7 l G 
and m is in ( gV)/(t ri M ). For a point ( m,g ) of this scheme, the element g~ l m 
lies in V/t r M. Assuming s > R + r we get the digram 

M R+S2 , ri (V/t r M)x si S2 Fl G K s \(V/t r M), 

where p is the map sending ( gI G ,m ) to m. For gG{0) in GrQ, the virtual 
dimension 1 ofV/gV is (9, p). The space (V/t r M)x so J~l G is locally trivial 
fibration over S2 FIq with fiber isomorphic to an affine space of dimension 
dim (V/t ri M) — ( 9,fi}. Since K is a shifted local system., the tensor product 
act* s K (2) pr' 2 T is a shifted perverse sheaf. Let KMT be the perverse sheaf 

^Recall that for an (b-sublattice W C L(F), its virtual dimension is dim(IF) := 
dim {W/W n L) - dim(L/W n L) 
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act* s K^pr^T [dim]. The shift [dim] is the unique integer for which this complex 
is perverse and this shift depends on fi. Then we have 

H G (T,K)= Pl (KMT). 

Compatibility. Till now we have been working over an algebraic closed field 
and we have ignored all the Tate twists. Let us explain how our construction 
is compatible with the classical local theta correspondence when the ground 
field k is Fq. 

Assume temporarily that k = ¥ q . Let us explain the relation between this 
geometrical convolution and classical convolution action in [32] and [35] at 
the level of functions. Given K in Dj g (M(F )) we can associate with it the 
following function ax hi the Schwartz space S Ia (M(F)). If K is represented 
by the ind-pro-system Kx, r in -D/ G (Mjv,r) then for m in t~ N M q(0) one has 

a K {m) = Tr(Fr m ,K N ,r,m)q^, 

where d = dim Mo, the point m is the image of m in Mjv, r , and Fr m is the 
geometric Frobenius at fh. For large enough r, this is independent of r. The 
Hecke functors on Dj g (M (F)) defined above geometrize the action of the Hecke 
algebras on S Ig (M(F)) corresponding to the following left action of G(F) on 
S(M(F )): for a point g in G(F) and a function / in S(M(F )) then 

g.f(m) = \detg\~^ f{g~ 1 m), 

for any m in M(F). To any T in Pj g (FI g ) one can associate a function on 
G(F)/I g given by a r {x) = Tr{Fr x ,%) for x in G(F)/I g . For T t <E Pi g {FI g ), 
denoting by fi the corresponding function, we have 

Tr(Fr g ,(Ti *T 2 ) g ) = [ fi{x)f 2 (x~ 1 g)dx , 

JxeG(F) 

where dx is the Haar measure on G(F) such that I G is of volume 1. Now if F 

A — 

is in Dj g (M(F)), let K = H G {F,F) and denote by / the function associated 
to F. Then the function ax associated to K is 

a K {m)= f \&etx\^f{x- l m)a r {x)dx, 

J x£G(F) 

for any m in M(F). 

In the following (except for §8) we will restrict ourselves to the case of 
dual reductive pairs of type II. Let Lq = k n and Uq = k m with n < m and 
let G = GL(L 0 ) and H = GL(t/ 0 ). We put n 0 = U 0 <g> L 0 , L = L 0 (O), 
U = Uq(G), and II = Llo(O). For any O-module of finite rank M and any pair 
N,r of integers such that N + r > 0, we set Mx, r = t~ N M/t r M. Let T G (resp. 
Th) be the maximal torus of diagonal matrices in G (resp. in H). Let B G (resp. 
Bh) be the Borel subgroup of upper-triangular matrices in G (resp. H). Let 
I G and Ih be the corresponding Iwahori subgroups. Let Iq denote the constant 
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perverse sheaf on II. Using the previous construction we have the well-defined 
category of Iq x ///-equivariant perverse sheaves on II (F) inside the derived 
category Dj gX i h (H(F )) which is the geometrization of the invariants of the 
Schwartz space S(H(F)) IgxIh , and two Hecke functors corresponding to the 
actions of DPj g (FIg ) and DPi h (FIjj) on Dj gX j h (H(F)) : 

H G : DP Ig (FI g ) x D IgxIh (U(F)) —► D IgxIh (U(F)) 

and 

H h : DP Ih (FI h ) x D IgxIh (U(F)) —> D IgxIh (U(F)). 

5. Structure of the category P h ^ xIg (U(F)) 

The purpose of this section is to understand the module structure of the 
categoryPfjfQyyj G (11(F)) under the action of Pj g (FIg) and Pff(O)(G th). Let 
U* denote the dual of U. A point v in II(.F) may be seen as a 0-linear map 
v : U* —> L(F). For v in lXy r , let U v>r = v{U*) + t r L. Then U v>r is a O- 
module in L(F). By identifying Gvq with the ind-scheme of lattices in L(F), 
we may view U v r as a point of the affine Grassmannian Grc- The Iwahori 
subgroup Iq acts on the affine Grassmannian Gvg as well. The /^-orbits are 
parametrized by cocharacters A in X. Each orbit is an affine space. We have 
the decomposition 

(5.1) G(F) = U I G t x G(0). 

\ex 

For any A in X + , each G(0)-orbit Gvq decomposes into /^-orbits which are 
parametrized by W.\ and the orbit lGt x G(0) is open in Gtq. For any A in X 
denote by O a the Jc-orbit through t x G(0) in Gi'g- Denote by O a its closure. 
The scheme is stratified by locally closed subschemes where // is in X. 
Remark that C O a does not necessarily imply // < A. Denote by A x the 
IC-sheaf of O a which is an object of Pi G {Grc). 

Lemma 5.2. The set of H(O)-orbits on IIjv jT . identifies with the set of lattices 
R such that t r L C R C t~ N L via the m.ap sending v to U V)T . 

Proof. Let M and M‘ be two free 0-modules of finite type. If fi and fi are 
two surjections from M to M ', then there is h in Aut(M) such that f\oh = fi- 
Let us now consider two elements v\ and V 2 of IIjv,r such that U vitr = U V2 ^ r . 
Adding to Vi a suitable element t r II, we may assume that Vi : U* —>• U v r is 
surjective for i = 1,2. Then the previous argument implies that there exists h 
in H(O) such that v\ o h = V 2 ■ Thus, for v\ and V 2 in Lly r . the LI(0)-orbits 
through v\ and V 2 coincide if and only if U vi r = U V2)T . Since n < m, each 
lattice R such that t r L C R C tr N L is exactly of the form U v r for some v in 

n N , r . □ 

Let uj\ = (1,0... ,0) be the highest weight of the standard representation 
of G and recall that wq is the longest element of the finite Weyl group \Vq ■ 
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Lemma 5.3. There is a bijection A —>• ny r between H(0 ) x iQ-orbits on IIjv,r 
and elements A in Xq such that for any v in Wq. A 

(5.4) )<r and {wq(v) , uj\) < N. 

Each orbit. ny r consists of points v such that U V)T lies in lQt x G(0). 

Proof. Any lattice R satisfying t r L C R C t~ N L is of the form U V;T for some v 
in Il7v,r- Consider the lattice U v _ r as a point in Gvq. Then by Lemma 5.2 the 
H(O) x/c-orbits on n^r are exactly the locally closed subschemes (II / \ r ) - \ e x G 
in Il 7 v,r such that A satisfies (5.4). □ 

For any A in Xq, the perverse sheaves IC(IIy r ) in Ph(o)x i g ( U ( F )) are 
independent of the choice of r if (zz, chi) < r for any v in WqX. The resulting 
object of Ph(0)xI g (n(-F)) will be denoted by IC(II^). Hence we obtain the 
following: 

Proposition 5.5. The irreducible objects of P H ^ x i G {Ii{F)) are in bijection 
with Xq: the irreducible object corresponding to a cocharacter A in Xq is the 
intersection cohomology sheaf . 

f — 

Proposition 5.6. For any A in Xq, the complex F[q(A x , /o) is canonically 
isomorphic to IC(Hv). 

This proposition implies that any irreducible object of Ph(0)x Ia( IW) is 
obtained by the action of A x on Iq for some A in Xq. We will give a proof 
of this proposition after some preparation. First remark that if A is dominant 
then A x is G(0)-equivariant and in this case Proposition 5.6 results from [31, 
Proposition 5]. 

i — 

Let us give a description of the complex Hq{A x ,Iq). Choose two integers 

N, r satisfying N + r > 0 such that for any v € Wq. A, the condition (5.4) 
„ —A 

be satisfied. Let Ho, r xO be the scheme classifying pairs (v,gG(0)), where 
gG{0 ) belongs to O and v is an 0-linear map from U* to gL/t r L. Let 

(5.7) 7r : no, r xO —> n^r 

be the map sending a pair ( v,gG(0 )) to the composition 

U* gL/fL -A t~ N L/t r L. 

_ —A —A 

This map is proper. The projection p : Hq v xO —>0 is a vector bundle of 
rank rnm — m( A, Cu n ), where u n = (1,..., 1). We obtain in this particular case 
an isomorphism 

(5.8) H G (A x ,I 0 ) : =fn l (q e mA x ), 

where the complex is normalized to be perverse, i.e. 

Q_ f MA x ' : ^ :: jp* A x [dim rel(p)]. 
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As mentioned before the category P G (o)(Gr G ) is equipped with a convolu¬ 
tion functor. Consider the following convolution diagram 

(5.9) Gr G x Grc £ G(F) x Gr G 4 G(F) x G{0) Gr G 4 Gr G , 

where m is the multiplication. Let F\ and F 2 be two G(0)-equivariant perverse 
sheaves over Gr G , the convolution functor of these two perverse sheaves is by 
definition F\ * T 2 = m\{J-\$QJ- 2 ), where the sheaf F\MF 2 is perverse equipped 
with an isomorphism 

(5.10) p*(F 1 MF 2 )^q*{F 1 MF 2 ). 

According to [17, Proposition 6] the category Pi G (Gr G ) acts on P G (o)(Gr G ) by 
convolution and this convolution functor * preserves perversity. We want to use 
this result in order to give a dimension estimate for the objects of Pj a (Gr G ). 

For fi in X G , let be the IC-sheaf associated with the G(0)-orbit FG(O) 
in Gr G . Then, for any cocharacter A in X G the convolution functor A A * 
is perverse. For any v in X G , and any point gG(O) in O u , let Y be the 
fiber of the map m over this point. The fiber Y identifies with the affine 
Grassmannian Gr G . For g in X G and <5 in X G , let Y v,s be the intersection of 
Y with I G t v G(0) x G (o) Gr & c . 

The restriction of A x * £L l to O u is placed in usual degrees smaller than or 
equal to — dimO^, and the restriction of Al A KI^|y 77 ,i is the constant complex 
sitting in usual degrees smaller than or equal to — dim O v — dim Gr G . 

Lemma 5.11. For any g, v in X G and any 5 in X G the following inequality 
holds: 

2 dim Y v,s — dim O v — dim Gr G < — dim O u . 

Proof. Let B s ' (resp. AP') be the constant perverse sheaf on Gr G (resp.O^) 
extended by zero with adequate perverse shift on Gr G . The extension by zero 
functor is right exact for the perverse t-structure. Hence (resp. A 7?,! ) lies 
in non positive perverse degrees and so does the convolution functor A V, '*B S ''. 
The ^-restriction of AP’^B 5 ' to Y is the extension by zero from Y 71 ^ to Y of 
the constant complex. Hence this complex lies in degrees 2 dim Y v,s — dim O n — 
dim Gr 5 G + dim O u and so we have the desired inequality. □ 

Proof of Proposition 5.6 : Let A be in X G and consider the complex 
7n(Q^K].4 A ) appearing in (5.8). For v in X G , take a H(O) X I^-orbit A V)T 

in n^r- If v is in let Y v be the fiber of the map it over v defined in (5.7). 

—A 

The fiber Y v is the scheme classifying elements gG(0) in O such that U V)T 
is a sublattice of gL. If v is in n^ r then Y v is just a point and so the map 7 r 
is an isomorphism over the open subscheme n^ r . On one hand this implies 
directly that IC(ny r ) appears with multiplicity one in the complex of sheaves 

H g (A' k ,I 0 ). On the other hand this gives 

dim(n^ r ) = mm — m(\,Cu n ) + dimO A . 
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Let U be the open subscheme of IIo /r xO consisting of pairs (v, gG((D)) 
such that gG(O) lies in O a and v : U* —> gL/t r L is surjective. The image of 
U by 7r is contained in n Ar . So, it induces a surjective proper map 

T\ • Llo^xO y n A>r . 


For v in LR r , we stratify Y v by locally closed subschemes Y'j indexed by cochar¬ 
acters 7j in Xg■ For any r/, the stratum Yy parametrizes elements gG(O) in 
0 ,? . The ^-restriction of to Yy lives in usual degrees smaller than or 

equal to — dim O r] — rnm. + m(r), Co n ) and the inequality is strict unless r] = A. 
We will show that 


(5.12) 2 dim Y£ — dim O v — rnm + m(rj, uj n ) < — dim H u _ r 

and that the inequality is strict unless v = A, this would imply our claim. Since 
we have dim(IL yr .) = rnm — m(u, Co n ) + dim O u , the inequality (5.12) becomes 

(5.13) 2 dim Y* 1 < m{v — //, u n ) + dim O v — dim O u . 

~ - r l - - 

Considering the map TT r] : IIo )r xO —V 11^^, we see that ll, y r C 11^^. A 

dominant cocharacter (5 in Xq is called very positive if 

S = (&i > • • • > b n > 0). 

It is natural to stratify Yy by locally closed subschemes Yy’ S , where 5 runs 
through very positive cocharacters. For any such <5, the stratum Yy' S consists 
of elements (v,gG(0)) such that the lattice U v . r is in G(0)-position 5 with 
respect to the lattice gL. For a point (v, gG(0)) of Yy’ S the formula of virtual 
dimensions dim (L/gL) + dim (gL/U v ^ r ) = dim (L/U v , r ) gives 

(5 + 7] - v,u n ) = 0 . 

Finally the equation (5.13) is equivalent to 

2 dim Y^ ,S < n(5 , t o n ) + dim O v — dim O v . 

By using Lemma 5.11 we are reduced to show that for any very positive 6, 
(5, noj n — 2pc) > 0. To prove this inequality notice that 

nw n - 2 p G = (1,3, 5,... , 27i - 1). 

Thus nCu n — 2pc is very positive and so for any very positive cocharacter 5 we 
have (5,nuj n — 2pc) > 0. This proves the inequality (5.13). Moreover for any 
very positive 6 this inequality is strict unless (5 = 0 which is the case if and 
only if v = rj. This finishes the proof. □ 

Recall that according to the Satake isomorphism, Ph(0){G7'h) is equivalent 
to the category Rep(-ff) of representations of the Langlands dual group H 
over Q^. The module structure of Ph( 0 )xG( 0 )(TI(F)) under the action of the 
category P H fQ)(Grn ) has been described in [31, § 5]. Namely, let U\ (resp. 
U 2 ) be the vector subspace of Uq, generated by the first n basis vectors (resp. 
by the last m — n basis vectors) of Uq. Thus, Uq = U\ © Ui- Let P C H be the 
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parabolic subgroup preserving JJ\. Let M —>GL(Li) x GL(7/2) the standard 
Levi factor in P and the map k : G X G m —> H be the composition 

(5.14) GxG m ,dx2 ^u 2) g x = m 

By using the extended Satake equivalence, 

gRes K : P H (o){Gr H ) —> DP G{0) (Gr G ) 

for the functor corresponding to the restriction Rep(iL) — >• Rep(G x G m ) with 
respect to k. 

Proposition 5.15. [31, Proposition 4] The two functors 
PH(0){Gr H ) -> D h{0)xG(0) (J1(F)) 

given by 

T->H h (T,Io) and T -> H G (gRes K (T),/ 0 ) 

are isomorphic. 

Proposition 5.16. For any A in X G and T in PH( 0 ){Gru ) we have the fol¬ 
lowing isomorphism 

Hh(T , IC(n A )) H G (A X * gRes K (T), / 0 ). 

Proof. Since the actions of Pj g (TI g ) and PH( 0 ){Grn) on D H ^ X / G ( n (P)) 
commute, we get from Proposition 5.6 and [31, Proposition 4] 

h h (t, ic(n A )) =4 h h (t,h g (a x ,i 0 )) 

=> H g (A\H h (T,I o)) 

=4 H G (A x ,H G (gRes K (T),I 0 )) 

=> L/ G (Al A AgRes K (r),/o). 

□ 


From Proposition 5.6 it also follows that the functor 
(5.17) D Ia (Gr G ) —> D h{0)xIg (U(F)) 

i — 

given by A ha H g (A,Io) is exact for the perverse t-structures. It suffices to 
verify this for simple objects and this follows from Proposition 5.6. It is easy to 
see that neither of the categories Pj G (Gr G ) or Ph( 0 )xI g (H(F)) is semi-simple. 
The functor (5.17) commutes with the actions of Pj g (FI g ) by convolutions 
on the left. Let PH( 0 ){Grn) act on Dj a (Gr G ) via gRes K composed with the 
natural action of Do(o){G'r G ) by convolutions on the right. According to 
Proposition 5.16, it is natural to expect that (5.17) commutes with the action 
of PH( 0 )(Gr}i). From Proposition 5.6 and Proposition 5.15 one derives the 
following: 
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Theorem 5.18. The functor (5.17) yields an isomorphism at the level of 
Grothendieck groups between K(Pj G (Grc )) and K(P^^ x j g (II(F))) commut¬ 
ing with the actions of K(P H ^(Grn)) and I\(Pi g (FIg))- 

6. Simple objects of P IgxIh (U(F)) 

We use the same notation as in the previous section. Our goal is to describe 
the simple objects of Pj hX j g (II(F)). To do so we study the In X /^-orbits 
on n A>r defined in [§5, Lemma 5.3]. It turns out that it is not necessary to 
do the study for all cocharacters A. Indeed if A = (ai,..., a n ) we will restrict 
ourselves to the case where all afs are strictly smaller than r. This will be 
sufficient for our purpose. Let 

Stab A = {g € Ig | g(t X L) = t x L} 

and 

Xn,r = IT ^ hl7v,r | U v ,r = t X L + f r L}. 

Describing In x /^-orbits on n Aj , r is equivalent to describe In x Stab A -orbits 
on X x r . 

Assume n = m. 

Lemma 6.1. The In x Stab A - orbits on r are in bijection with the finite 
Weyl group Wq- 

Proof. Let {ei, e 2 ,..., e n } be the standard basis of the vector space Lq, so 
the Borel subgroup Bq preserves the standard flag associated with the basis 
(i ei)\<i < n . Let {u\,v ,2 ■ ■ ■ ,u* n ) be the standard basis of the dual space Uq. Let 
v be a point in X^ r and consider the induced map 

(6.2) v : U*/tU* —> U v , r / (tU v r + t r L) = t x L/t Un+x L, 

where ui n = (1,... , 1). The map v is an isomorphism and it may be considered 
as an element of Aut (t x L/t ulri+x L). Denote by 

• • • C L_i C L 0 C Li C ... 

the standard complete flag of lattices inside L{F) preserved by the Iwahori 
group Iq■ For any i in Z the images of Lint x L in t x L/t UJn+x L define a complete 
flag which is preserved by Stab A . Thus the image of Stab A in Aut (t x L/t Un+x L) 
is a Borel subgroup of G but not necessary the standard one. Hence the 
In x Stab A -orbits on the set of isomorphisms (6.2) are parametrized by the 
finite Weyl group Wq. By Lemma 6.3 below each In X Stab A -orbit on X^ r is 
the preimage of a In x Stab A -orbit on the scheme of isomorphisms (6.2). Finally 
one gets that In x Stab A -orbits on X^ r are exactly indexed by Wq . □ 

By this Lemma, the set of In X /(^-orbits on n Ajr is in bijection by Wq- 
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Lemma 6.3. Letp , q be two integers such thatp < q. Let B be a free O-module 
of rank p and A be a free O-module of rank q. Let v\ , V 2 '■ A —> B be surjective 
O-linear maps such that for i = 1,2 the induced maps JJi : A/t.A -A B/tB 
coincide. Then there is h G Gh(A)(0) with h = 1 mod t such that V 2 °h = v\. 

Proof. Let Ai be the kernel of u, for i = 1, 2. These are free 0-modules of rank 
q— p. Choose a direct sum decomposition A = Ai © Wj , where Wj is a free O- 
rnodule of rank p. Then there is a unique isomorphism a : W 2 —> W\ such that 
W 2 —W\ —!-> A coincides with W 2 A. The images of Ai (g>e> k in A <S>o k 
coincide, therefore there exists an isomorphism of 0-nrodules b : A 2 —> A\ 
such that b : A 2 <S>o k —> A\ k is identity. Then a © b is the desired map 
h. □ 

Let r be an element of Wq and let iv = t A r be the corresponding element 
in Wq, where A = (ai,...,a n ). Denote by the Iq x In -orbit on IIjv,r 
passing through v given by 

v{u*) = for i = 1,... ,n 

The Iq X In -orbit on Il/v. r are exactly Iljy r for w in Wq- 

For any w in Wq denote by T w the IC-sheaf of the In x J^-orbit IIindexed 
by w, and by T w ' the constant perverse sheaf on 11^ extended by zero to 11^,.. 
As an object of Pi Hx i G fB(F)), it is independent of r, so that our notation is 
unambiguous. We underline that this notation is only introduced under the 
assumption a, < r for all i. As the category Pj hX j g (TI(F)) is obtained by 
filtering inductive 2-limit, simple objects of this category are the image of 
simple objects of the pieces of the limit. 

Proposition 6.4. Recall that n = m. Any irreducible object of Pj hX i g (II(F)) 
is of the form T w for some w in Wq- 

Proof. Let A = (ai,...,a n ). An irreducible object of Pj hX j g (II(F)) is the IC- 
sheaf of an In x -iG-cabi! T on n^ r for some integer r and for some cocharacter 
A satisfying (5.4). In particular all afs are smaller than or equal to r. First we 
will show that we can restrict ourselves to the case where all afs are strictly 
less than r. Assume that a.; = r for some i. For s > r consider the projection 
q : 11^ — > • Then the H(0) x /g-orbit Ilys is open in (/” 1 (IlA,r)- The 

map q : II^ )S -A IIy r is not surjective but the sheaf IC(T) is non-zero over 
the locus in (/^(Ilyr) of maps v : U* —A t~ N L/t r L whose geometric fiber of 
the image is of maximal dimension n. Hence the IC-sheaf of y is a also an 
IC-sheaf of some In x Jc-orbit on We are reduced to the case where all 
a.; are strictly less than r. Recall that the geometric fiber of an O -module C is 
C <g>e> k. 


Next we are going to prove that each In X /c-equivariant local system on 
n)() r is constant. The map r -A lsom(U*/tU*, t x L / t x+UJn L) given by v —» v 
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is an affine fibration. The group Hom(t/*, t x+uln L/t r L) acts freely and transi¬ 
tively on the fibers of this map. So we are reduced to show that any Bq X Bh- 
equivariant local system on any Bh x B^-orbit on Uq <g> Bo is constant. This 
is Indeed true because the stabilizer in Bq of a point in the double coset 
BqwBg / Bq for any w in Wq is connected. □ 


If A is dominant then the image of StabA in Aut (t x L / t x+Un L) is the standard 
Borel subgroup of G. Thus when w = with A being dominant we have that 
11$ r is an open subscheme of II^ r and Z w = IC(II^ r ). 

Assume that n < m. 

In this case the map (6.2) is not an isomorphism but only a surjection. We 
may consider the Ih x Stab^-orbits on the set of surjections (6.2). Let S n m 
be the set of pairs (s, I s ), where I s is a subset of n elements of {1,..., m} and 
s : I s —> {1,... ,n} is a bijection. Let W\ C W -2 C • • • C W m = L 0 * be a 
complete flag preserved by Bh- We denote by Wi the image of IT,; under the 
map (6.2). Then I s = {1 < i < m\ dim IT* > dim IT,_i}. 

Recall that for A = (ai,...,a n ) we assume that a* < r for all i. From 
Lemma 6.3 one deduce that each Ih x Stab^-orbit on is the preimage 

of a Ih x StabA-orbit on the set of surjections (6.2). Let w = (A, s) be in 
Xg x S' n rn then the Ih x /c-orbit passing through v a point of TLy. r is given 
by 


,x f v(u*) = t aai e S i for i els, 

1 J 1 v{u*) = 0 for i i I s . 

We denote this orbit by 11)0 and its closure by TT^v,.. For any w = (A, s) 
in Xg X S ntrn denote by I w the IC-sheaf of LI)0 r - The corresponding object 
of Dj hX i g {II( k F)) is well-defined and independent of N, r. Denote by Z w ' the 
extension by zero of the constant perverse sheaf from 11)0 r to n^r- The 
corresponding object of Dj hX j g (T1(F)) is well-defined and independent of N 
and r. 


Theorem 6.6. Any irreducible object of Pj hX j g (11(F)) is of the form. Z w for 
some w in Xg x S n . m . 

Proof. An irreducible object of Pj H x j g (B(F)) is the IC-sheaf of an Ih x Iq- 
orbit y on IIa^ for some integer r and for some cocharacter A = (aq,... ,a n ) 
satisfying (5.4). As in the proof of Proposition 6.4 we may assume that all afs 
are strictly less than r. Consider a Ih x Ify-orbit n)0r on bt,v. r passing through 
v as defined in (6.5). Let St(v) be the stabilizer of v in Ih x Iq • We are going 
to show that St(v) is connected. This will imply that any Ih x Jc-equivariant 
local system on Ih x Iq- orbit 11)0 r is constant. 

The stabilizer St(v) of v is a subgroup of Ih x StabA- Let B\ be the image of 
StabA in Aut (t x L/t x+UJn L) then B\ is a Borel subgroup of Aut (t x L/t x+U}n L). 
We define two groups Iq \ and Iq^h by the exact sequences 
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and 


*0,A 


StabA 


B, 


1 -/o,H - > Ih - > Bh -> 1. 

Note that Ih is semi-direct product of Iq^h an d Bh- Let Sto(v) be the stabilizer 
of v in Iq h x To,a- By Lemma 6.3, the Jo,H x Io A _or bit through v on is 
the affine space of surjections / : U* —> t x L/t r L such that f = v mod t.. 
Thus Sto(v ) is connected. Let v : U*/tU* —> t x L/t x+UJn L be the reduction 
of v mod t. The stabilizer St(v ) of v in Bh x B\ is connected. By Lemma 6.3 
the reduction map from St(v ) to St(v ) is surjective. Using the following exact 
sequence 

1 —» Sto(v) —> St(v) —> St(v ) —)• 1 
we obtain that St(v ) is connected. 

□ 


7. Study of Hecke functors, n = 1 and m > 1 

We will assume that n = 1 and m > 1 in the entire section and we will 
give a complete description of DPj hX j g (II(F)) under the actions of Pj H (BI-h) 
et PjJPlc). We use the same notation as in previous section. We will work 
most of the time over an algebraically closed field (and ignore the Tate twists). 

For 1 < i < m we denote by Uj = (1, ..., 1, 0,... , 0) the cocharacter of Th 
where 1 appears i times. The Iwahori group Ih preserves t~ Ui U and t Ui U*. Let 
Qh be the normal subgroup in the affine extended Weyl group Wh of elements 
of length zero. Note that a i m = (1, ..., 1) is in Qh- 

For 1 < i < m, let U l = t~ Ui U. Define U l for all i £ Z by the property that 
U i+m = tr^U 1 for all i. Thus, 

• • • C U- 1 C U° C U 1 C ... 

is the standard flag preserved by Ih- For any integer k in Z, we denote by IC k 
the IC-sheaf of JJ k <g> L. 

Proposition 7.1. The irreducible objects of Pj hX j g (II(F )) are exactly the 
perverse sheaves IC fc , k £ Z. 

Proof. The assertion follows from Theorem 6.6. □ 

We will denote by IC fc,! the constant perverse sheaf on U k ® L — U k ~ l <g> L 
extended by zero. This is a (non irreducible) perverse sheaf. Denote by Jo = 
IC° the constant perverse sheaf on II. 

Assume temporarily that k is finite. For w £ Wq, denote by j w the inclu¬ 
sion of FIq in FIg, and let L w = j w \*Q.i[I(w)\(l{w)/2), the IC-sheaf of FIq. 
We write L w \ = jw[Qi[^(w)\(I(w)/ 2) and L w * = I"}) for the 

standard and costandard objects. As j w is an affine map, both L w \ and L w * 
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are perverse sheaves. They satisfy D(L W *) = L w \, where ID denotes the Verdier 
duality. To each Q in Pj g (FIg ) we attach a function [Q] : G{F)/Ig —> Q£ 
given by for x in G(F)/Iq [G](x) = Tr(Fr x ,G x ), where Fr x is the geomet¬ 
ric Frobenius at x. The function [Q] is an element of Pi G ■ In particular 
[L w \] = (-1 )^ w \w l/2 T w and [L w *\ = (-1 Y^(hI 2 T~\, where q w = q^ w ). 
Here T w denotes the characteristic function of the double coset IgwIq■ 

— 

Let us describe H h{A x ,Iq), for any cocharacter A of H. Recall that A x is 
the IC-sheaf of the Ih -orbit O x through t x H(0) in Grn- Let A = (ai ..., a m ) 
and choose N, r such that — N < a* < r for all i. Let Ho ir xO be the scheme 
classifying pairs ( v, hH(O)), where hH((D ) is a point in 0 X and v is a 0-linear 
map L* —y hU/t r U. Let 

7T : no,r x O - >■ n^r 

be the map sending ( v,hH{0 )) to the composition L* —y hU/t r U —> 
t~ N U/t r U. By definition we have 

H H (A\l 0 ) : =AMQ e mA x ), 

where Q^Al^ is normalized to be perverse. Denote by pn the projection of 
FIh Grn- Note that for any T in Pj h (FIh) we have 

H H (T,Io)^=>H H (p m (T),I 0 ). 

For 1 < i < mn, let Sj be the simple reflection (permutation) ( i,i + 1) in Wh- 
Proposition 7.2. For 1 < i < m we have 

H H (L Si ,I 0 )^Io ® Rr(P 1 ,Q <? )[l]=>/ 0 ® (Qr[l] 0 Qt [-1]). 

Similarly, 

H H (L Si] ,I 0 )^I 0 [-l}. 

Proof. One has p#!(-L Si )—-^Rr^ 1 , Q^)[l] and the assertion follows. □ 

Assume that m > 1 and let s rn = t x r, where A = (—1,0,... , 0,1) and 
t = (1,7?7.) is the reflection corresponding to the highest root. This is the 
unique affine simple reflection in Wh- 

Proposition 7.3. If m > 1, we have the following canonical isomorphisms 
H H (L Sm , Io^IC 1 (BIC- 1 and H H (L 8mh /q^IC 1 ' © ICT 1 
Proof. The composition 

FIh m FIh Grn 

is a closed immersion and so pH\{L Srn )^ = fA x . Thus we have 

H H (L Sm ,I 0 )^H H (A x ,I 0 ). 
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In this case the scheme O classifies lattices U' such that 

• • • C U- 1 C U C U 1 C ... 

and dim([//[/ _1 ) = 1. Let N = r = 1, then the image of the projection 

7T : IIo ) lXO A -* IIi i 

is contained in L ® (U 1 /tU). Let v be a map from L* to U 1 /tU in the image 
of 7T. If v factors through U~ l /tU then the fiber of 7r over the point v is P 1 , 
otherwise it is a point. The first claim follows, the second is analogous. □ 

In a similar way one gets the following. 

Proposition 7.4. For for 1 < i < m, we have 

H H (L Si ,I C^^IC^elC*- 1 and H h (L 8 . u IC*)=>IC i+1 ’ ! © IC i_1 . 

Proof. The proof follows from Lemma 7.2 and 7.3. □ 

The symmetry in our situation is due to the fact that fin acts freely and 
transitively on the set of irreducible objects of P/ gX / h (Ll(i ? )). 

For 1 < i < m there is a unique permutation a * in Wh such that t~ Ui c r,; is 
of length zero. Indeed, is the permutation 

(1, 2,..., m — i, m — i + 1,..,, m) —> (i + 1, i + 2,..., m, 1,..., i). 

For 1 < i < m we put Wi = t~ Ui Gi. We extend this definition as follows: for 
any i € Z let Wi in Qh t> e the unique element such that WiU r = [7 r +* for any 
r. For 1 < % < m — 1 we have w\SiWf l = Sj + i and wiSmWf 1 = Si. Thus, the 
affine Weyl group of H acts on the set {si,..., s m } by conjugation. 

Proposition 7.5. 1) For any i and k in Z one has a canonical isomorphism 

H H (L Wi JC k )^fIC k+i . 

2) For 1 < i < m, j G Z with j ^ i mod rn one has 

H H (L Si ,IC^ia 0 (Q,[l] ©Q,[-l]). 

Propositions 7.4 and 7.5 describe completely the action of Pi h {J-Ih ) on the 
simple objects IC fc , k € Z. Thus the module structure of K(DPj hX i G ( n(F))) 
under the action of K(Pj h (J 7 Ih))- Now we are going to define the action of 
the center of Pi h {FIh) on IC^ : . 

Let ex : G x G m —> H be given by (5.14). Denote by Res' 7 : Rep(iL) —> 
Rep(G' x G m ), the corresponding geometric restriction functor. For any G(0)~ 
equivariant perverse sheaf T on Gr h, T is naturally isomorphic to pH\(Z(T)). 
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Denote by s the standard representation of G m and by g the standard repre¬ 
sentation of G. The category Rep(G x G m ) acts on DPj gX j h (JI(F)) as follows: 

( H G (sGlC k )=>IC k \j\. 

(7-6) < ^ 

[ H G {g j ,lC k )^flC k ~ mj . 

It follows that the representation ring R(G x G m ) acts on K(DPj gX 

which becomes in this way a free R(G x G m )-module of rank m with basis 

{IC°,..., IC m-1 }. 

Theorem 7.7. The respective actions of the center of Pj h (FIh) and the 
center of Pj g (FI g ) on the category DPj gX j h (H(F )) are compatible. More 
precisely, the center of Pj h (FIh) acts via the geometric restriction functor 
Res' 7 : Rep(L7) —> Rep(G x G m ) on the irreducible objects IC fc for any integer 
k. 

Proof. Let us recall that there is a central functor 

Z : P H{0) (Gr H ) ^ Pi h (FI h ) 

constructed by Gaitsgory in [17, Theorem 1], For any S in Ph( 0 )(Gvh)i we 
have 

( 7 - 8 ) 

H h (Z(S), IC°)=>H H (p m (Z(S)), 1 C°)^H h (S, IC°)=AF G (Res CT (5), IC°), 
where the last isomorphism is [31, Proposition 5]. Recall that for any k in Z 
we have Hn{L Wk , IC^^^IC*. For S in Ph(O)(Gvh), Z(S) is central so 

H h (Z(S), lC k )^H H (L Wk , ff H (Z(S), lC°))^H G (Res"(S), IC fe ), 
where the last isomorphism is from (7.8). The assertion follows. □ 

Assume that k is a finite field ¥ q . Let us rewrite all useful formulas obtained 
in Propositions 7.2 and 7.3 and Proposition 7.5, taking in consideration the 
Tate twists. These formulas will be used in §9. 

Theorem 7.9. The bimodule K(DPj gX i h (H(F))) is free of rankm over R(Gx 
G m ) with basis {IC°,... ,IC m-1 } and the explicit action of H# is given by the 
following formulas: 


For 1 < i < m : H H (L Si , IC^^IC’* 1 © IC <_1 . 

Fori < i < m : H H (L Sa , IC’)^AlC i+1 ’ ! © IC <_1 . 

If j ^modm : H h (L 8 ., IC^)=aIC^(Q,[ 1](1/2) + Q,[-l](-l/2)). 
If .7 ± i mod m : H H (L Si] ,lC j )^GlC j [-l}(-l/2). 

For anyi and k in Z : Hu(L Wi , lC k ) : ^fIC k+l 


(7.10) { 
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More generally, for a < b, denote by IC a,6,! the sheaf (Q^[6 — a] defined on 
( U b /U a ) — {0} extended by zero to U b /U a . This is not perverse in general. In 
Grothendieck group K(DPj hX j g (II(F))) we have 

IC“ A! = IC 6 — IC“[6 — a]. 

Let bj t = (1,..., 1, 0,... , 0) where 1 appears i times and 0 appears m — i 
times. 

Proposition 7.11. We have a canonical isomorphism in I\(DPj hX / G (n(P))).- 

Proof. First remark that 

Let N = r = 1, the scheme 0 U)i classifies lattices tU° C U' C U° such that 
dim (U'/tU°) = m — i and (U'/tU°) n (U m ~ l /tU°) = 0. Therefore the orbit 
0 Ui is an affine space of dimension £(t Wi ) = (uii, 2 pa) = (m — i)i . Let Flop xO^ 
be the scheme classifying pairs (v,U ), where U is in O uli and v is a map from 
L* to U' /tU°. Consider the map 

7T : n 0j , xO“' —> n 0 ,i 

sending (v,U') to v. Then we have 

H H (A Ui \l C 0 )^^! IC(n 0 ,ixO Wi ) 

and the assertion follows from the remark above on the elements IC a ’k’ ! . □ 

8. On THE GEOMETRIC LOCAL LANGLANDS FUNCTORIALITY AT THE 

IWAHORI LEVEL 

For basic notions in equivariant It-theory, we refer to [14, Chapter 5]. Some 
of the constructions we will use are recalled in Appendix 10. Let us just recall 
the Kazhdan-Lusztig-Ginzburg isomorphism and fix some additional notation. 

Let k be the finite held ¥ q . Let G be a connected reductive group over 
k and denote by G its Langlands dual group over Q^. Assume additionally 
that [G, G] is simply connected. Let v be an indeterminate. Let (IT, S) be the 
Coxeter group associated with the root datum defined on G, where IT is the 
finite Weyl group and S the set of simple reflections. The finite Hecke algebra 
iiy is free Z[u _1 , v]-algebra with basis {T w ,w G IT} such that the following 
rules hold: 

(1) ( T s + 1)(T S — v) = 0 if s G S is a simple reflection. 

(2) T y .T w = T yw if e(yw) = £(y) + £(w). 

The group algebra Z[X\ is isomorphic to R(T), the representation ring of the 
dual torus to T. We will write e A for the element of R(T) corresponding to 
the coweight A in X. The affine extended Hecke algebra associated with G 
was introduced by Bernstein [9] (it first appeared in [26]) and is isomorphic 
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to the so-called Iwahori-Hecke algebra of a split p-adic group with connected 
center. The latter was introduced in [19] and reflects the structure of the space 
C c (Ig\G(F) / Iq) of locally constant compactly supported Q^-valued functions 
on G(F ) which are bi-invariant under the action of Iq- The extended affine 
Hecke algebra H G is a free Z[v, u _1 ]-module with basis {e x T w \w € W, A € X}, 
such that: 

(1) The {T u ,} span a sub-algebra of He isomorphic to 

(2) The elements {e A } span a Z[v, u _1 ]-sub-algebra of He isomorphic to 
R(f)[v-\v]. 

(3) For any s a G S with (A, d) = 0, T Sa e x = e x T Sa . 

(4) For any s a G S with (A, a) = 1, T Sa e Sa ^T Sa = ve x . 

Properties (3),(4) together are equivalent to the following useful formula 

p^ — gSa(A) 

(8.1) T Sa e s “W - e x T Sa = (1 - 

where a is a simple coroot, s a the corresponding simple reflection and AgI. 
The properties (1) and (2) give us two canonical embeddings of algebras 

R(T)[u _1 , -y] He and H^f ^ He- 

The multiplication in He gives rise to a Z[u _1 , t>]-module isomorphism 

He — R(T)[u _1 ,u] H w■ 

This is a u-analogue of the Z-module isomorphism [14, 7.1.8], 

z[w G \ ~R(r) ® z z[w G ]. 


Let g be the Lie algebra of G, Bq be the variety of Borel subalgebras in g, 
and Mq be the nilpotent cone in g. The Springer resolution Mq of Mq is given 

by 

Mq = {( X , b) € Mq x Bq\x € b}. 


Let g, : Mq —> Mq be the Springer map. Let s be the standard coordinate on 
G m . We let G m act on g by requiring that s sends an element x to s~ 2 x. We 
also define an action of G x G m on Mq by the formula 

(g,s).(x,b) = (s~ 2 gxg~ l ,gbg~ l ). 


The map g is G x G m -equivariant. The Steinberg variety is defined by 

Zq = Mq Xjyv Mq = {('X. b, b ; ) € Mq X Bq X Bq \ X € b D b }. 

The extended affine Hecke algebra H G can be considered as a Z[s, s _1 ]-algebra, 
where v = s 2 . Viewing Z[s, s _1 ] as the representation ring of G m , one has the 
following result due to Kazhdan-Lusztig-Ginzburg [14, Theorem 7.2.5]: there 
is an isomorphism of natural Z[s, s^ 1 ]-algebras 


(8.2) 


Gx G, 
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Let us explain briefly what we are going to do. Assume to be given two 
connected reductive groups G, H and a homomorphism G x SL 2 -A H, where 
G (resp., H) denotes the Langlands dual group of G over (Q^ (resp., of H). 
We still assume that the respective derived groups of G and H are simply 
connected. We construct a bimodule over the affine extended Hecke algebras 
Hg and Mh realizing the local geometric Arthur-Langlands functoriality at the 
Iwahori level for this homomorphism. We propose a definition of this explicit 
kernel at this level of generality given in Conjecture 8.7. It is based to a large 
extent on the Kazhdan-Lusztig-Ginzburg isomorphism (8.2). 

We fix a maximal torus Tq (resp. Th ) in G (resp. H) and a Borel subgroup 
Bq (resp. Bfj) in G (resp. H) containing Tq (resp. Th). Assume we are given 
a morphism 

cr : G x SL 2 —» H 

and let £ : SL 2 —> H be its second component and r] : G —> H be its first 
component. Let a : G m —> SL 2 be the standard maximal torus sending an 
element x to diag(x, x^ 1 ). Let a : G x G rn —> H be the restriction of the above 
homomorphism via id xa: 


(8.3) G x G m G x SL 2 ^ H . 

For any element g in G we will often denote its image r/(g) in H by the same 
letter g as well as for the linearised morphisms between the corresponding Lie 
algebras. Denote by 

(T G X dm - y H X dm 

the morphism whose first component is a and whose second component is the 
second projection pr 2 : G x d m —> d m - The representation ring R(G x d m ) 
is isomorphic to R(G)[s, s -1 ]. Remark that (at least for pairs (S0 2 n ,Sp 2m ) 
and (GL n ,GL m )) according to [31], the local Langlands functoriality at the 
unramified level sends the unramified representation with Langlands parameter 
7 in G to the unramified representation with Langlands parameter < 7 ( 7 , q 1 ^ 2 ) 
of H. This is realized by the restriction homomorphism Res ' 7 : Rep(iL) —> 
Rep(G x d m ) induced by a. 

On the one hand, it is understood that the standard representation s of d m 
corresponds to the cohomological shift — 1 in order to have the compatibility 
with [31]. On the other hand while specializing s, we should think of s as q 1 / 2 
to makes things compatible with the theory of automorphic forms. 

Let e denote the standard nilpotent element of Lie(<SX 2 ) 


e = 


0 1 
0 0 
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If df : Lie(5L2) —> Li e(H) is the linearised morphism associated to £, we 
denote dfi(e) by x. As a is a group morphism, for any z in g, [drj(z),x] = 0. 
Hence, if 2 is nilpotent, so is dg(z) + x. 

Lemma 8.4. The map f from M c g to Mjg sending any element z in Mq to 
z + x is a a-equivariant m.ap. It defines a morphism of stack quotients 

(8.5) 7 : A/"g /{G x G m ) — > Mg/ (H x G m ). 

Proof. We have the following equality in Lie(SL 2 ) 

(8.6) ses -1 = s 2 e. 

This implies that s~ 2 £(s)x£(s) _1 = x. For (g,s) in G x G m , let (h,s) = 
cf(g, s) = (gf(s), s ). Then for any z in Mq 

s~ 2 gzg~ l + x = s~ 2 h(z + x)h~ 1 , 

which implies that / is a-equivariant and the morphism of stack quotients / 
is well-defined. □ 

The Springer map A ffj —> Mg is (H x G m )-equivariant. By using this and 
Lemma 8.4 we obtain the following diagram: 

X = ( Mq/(G x G m )) x j\f s /(HxG m ) x G m )) *-Mq/(G x G m ) 


M a /(H x G m )- - Mfj/iH x G m ), 

where the bottom horizontal map is induced from the Springer map for H and 
the vertical right arrow is the composition of the G X G m -equivariant Springer 
map for G with the map / defined in Lemma 8.4. Note that in the left top 
corner of the diagram we took the fiber product in the sense of stacks, see [24, 
§2.2.2], we denoted it by X. The A"-theory K(X) of X is naturally a module 
over the associative algebras K^ xGm (MQ xm^Mq) and K^ xGm (Mg : x^ Mg). 
The action is by convolution (see Section 10.1 Appendix 10). Thanks to (8.2), 
these two algebras may be identified with the extended affine Hecke algebras 
Hg> and H# respectively. We may now state the conjecture : 

Conjecture 8.7. The bim.odule over the affine extended Hecke algebras 
K GxGm {Zq) and K HxGm (Zg) realizing the local geometric Langlands functo- 
riality at the Iwahori level for the map a : G X G m —> H identifies with 
K(X). 

Remark that if G = H and the map £ is trivial, then X equals Zg, and 
K{X) identifies with the extended affine Hecke algebra Hg for G. Thus K(X) 
is naturally a free module of rank one over both algebras H# and He. 
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8.1. Properties of the stack X. Consider the induced variety 

^Gfi = (H x G m ) Xg xG]]| Mq 

with respect to a (see Appendix 10 for the exact definition of the induced 
variety). Similarly consider the induced variety 

Ng,h = (H x G m ) Xg xGm Mq. 

Proposition 8.8. There exists a natural isomorphism, of stacks 
X ^(Mqq x JTfj M'q)/(H x G m ), 
and so an isomorphism of K-groups 

K(X)^K SxG ™(Mg,q x m .Mq). 

Proof. Since the map / defined in Lemma 8.4 is cF-equivariant, it induces a 
H X G m -equivariant map 

(8.9) /i : (H x G m ) Xg xGm Mq ■» Mq. 

The map f\ in (8.9) induces a map from Mq q to Mq and we can consider 
the fiber product Mq q Xjyv Nq. Note that Mq q/(H x G m ) is isomorphic to 
the stack quotient Mq/(G x G m ), see Appendix §10.2 in 10. It follows that X 
identifies with the stack quotient of Mq q Xjyv M"q by the action of H x G m 
thanks to the following general fact : if <f> : X —> Z and if : Y — > Z are 
equivariant morphisms of G-schemes, then the fiber product X/G Xz/q Y/G 
in the category of stacks identifies with the quotient stack (X XzY)/G. 

□ 

The action of K^ IxGm (Mf I Xjyv Mq) and K < ~ !xGrn (MQ Xjq ( ., Mq) by convo¬ 
lution on K HxG -(Mq q Xtfjj Mq) is defined in sections 10.1.2 and 10.2 of 
Appendix 10. 

If the map a is an inclusion of G in H , the natural map 

H xqMq ->■ {H x G m ) x ( j xGm Mqq = Mq q 
is an isomorphism. We can identify Mq q with the variety of pairs 

(hG € H/G,v € Mq) 

satisfying h~ l vh € x+Mq via the map sending any element of (h, z) of H x Mq 
to (hG, v = h(z + x)h x ). The latter map makes sense because G centralizes 
x. Thus the map f\ (8.9) becomes the projection sending any element (hG, v) 
of Mq q to v. In this case the left H X G m -action on Mq q is such that for any 
(hi, s) in H x G m and any (hG, v) in Mq q, 

(h\,s).(hG,v) = (hih^ > (s)~ l G,s~ 2 hivhf 1 ). 



34 


BANAFSHEH FARANG-HARIRI 


Proposition 8.10. There is a natural isomorphism 

K(X)^K 6 xG ™{N 6 x m .Mq), 

and the R (H x G m )-module structure on the right hand side is defined by the 
functor Res 0- : R (H x G m ) —> R(G x G m ). 

Proof. The scheme Mq xq-^Mq classifies couples ((z, bi), b), where (z, bi) lies 
in Mq and b is Borel subalgebra in Lie(H) containing z + x. We define an 
action of G x G m on Mq Xjy 6 A /q as follows: for any ( g , s ) in G x G m and any 
{(z,b i,b) in M 6 xq-^Mq 

(5,s).((z,bi),b) = (s _2 0Z0 _1 ,0bi0 _1 ,0£(s)b£(s) _1 0 _1 ). 

By Lemma 10.2 in Appendix 10 we have an H X G m -equivariant isomorphism 
{H X G m ) Xg xGm (Mq Xjg^ Mq) >MqJj Xjyv Mfj. 

Combining this with Proposition 8.8 we get the desired isomorphism. □ 


In the rest of this section we will restrict ourselves to the case of G = GL n 
and H = GL m and we will describe some additional properties of the bimodule 
K(X), namely a filtration and a grading on K(X), where the graded parts will 
just be some equivariant K-theory of Springer fibers. We will always use the 
same notation for GL r and its Langlands dual over In this setting we 
choose the morphism r/ to be the canonical inclusion of GL„ into GL m . The 
map <7 is obtained by the composition 


nT 




where the last arrow is the inclusion of the standard Levi subgroup associated 
to the partition (n, m — n ) of m and £ corresponds to the principal unipotent 
orbit as in [3]. Then the restriction of the map ^ to G m is the cocharacter 
(0,..., 0, m — n — 1, m — n — 3,..., 1 + n — m). Let Uq = k m be the standard 
representation of GL m , and {u±,... ,u m } be the standard basis of Uq. The 
element x = d£(e) is a nilpotent element of Lie(GL m ) such that x(ui) = 0 for 
1 < i < n + 1 and that x(ui + 1 ) = Ui for n + 1 < i < rn. Let G 2 = GL. m _ n and 
B '2 be the unique Borel subgroup in G 2 such that x lies in Lie(i? 2 )- 

Let Zq 2 (x) be the stabilizer of x in G 2 . It acts naturally on Mq x_/yv Mq : 
for any y in Zq 2 (x) and any (z, bi, b) in Mq Xjq^ Mq, 

V-(z,b i,b) = (z, bi, yby -1 ). 

For any s in G m , the element ^(s) clearly normalizes Zq 2 (x) and the semi- 
direct product Zq 2 (x) x G m is a subgroup of G 2 • The group Zq 2 (x) x G m acts 
on Mq x_q 6 Mq and this action commutes with the G-action. 
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Theorem 8.11. There exists a G x G m -invariant filtration 

0 = F° C F 1 C ... C F r = Mq X Mg 

such that for 0 < i < r, each K GxGm (F i ) is a subm.odule over both affine 
extended Hecke algebras K GxGm (MQ Xj\f G Mq) and K HxGm (Mg x_/yv Mg). 
Moreover the spaces K GxGrn (F l ) for 0 < i < r define a filtration on K(X). 

Proof. For any G-orbit O on Mq we denote by Yq the preimage of O in Mq Xjg^ 
Afg under the projection 

*G X Xfj Mg Mq 

sending (z, bi, b) to z. We refer the reader to [14, § 3.2] for details on nilpotent 
orbits and stratification of the nilpotent cone Mq into G-conjugacy classes and 
the stratification of the Steinberg variety of G. The orbits Yq form a G x Gm- 
invariant stratification of Mq Xjyv Mg, which is also Zq 2 (x)~ invariant. The 
G-orbit O is given by a partition 9 = (n± > U 2 > • • • > n r > 1) of n. Let Mq 
denote the standard Levi subgroup corresponding to this partition, namely 

Mq — >GL ni x • • • x GL nr . 

We denote by z$ the standard upper triangular regular nilpotent element in 
Li e(Mg); zq lies in the orbit O. Let Zq be the stabilizer of zq in G x G m , 
Zq is connected. Denote by Bq e the preimage of zq under the Springer map 
Mq —> Mq. Let Bg e be the preimage of zq + x under the Springer map 
Mg —> Mg. We have an isomorphism 

(G x G m ) Xz g (Bq q x Bg e ) >-Yo 

sending (p, s, bi,b) to {s^ 2 gzgg~ l , gb\g~ l , gf(s)bf(s)~ 1 g~ 1 ). Hence we have an 
isomorphism of groups 

(8.12) K GxGm (Y 0 )^K z °{BQ fi x Bg e ). 

According to [37] the scheme Bq s and Bg s respectively admit a finite paving 
by affine spaces stable under the action of Zq. Hence (8.12) is a free R (Zq)- 
module of finite type. 

We enumerate the nilpotent orbits Oi,(0>2 ,... ,O r in Mq in such an order 
that 

dim(Oi) < dim(02) < • • • < dim(O r ). 

If F J = Ui<jOi, then F J is closed in Mq and we have a filtration 
0 = F° C F 1 C • • • C T = Mq. 

Let F^ be the preimage of F J in Mq x_/yv Mg. We get a G x G m -invariant 
filtration 

0 = F° C F 1 C • • • C F r = Mq x^ Mg. 
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We can refine the filtration F' 1 in such way that the refined filtration be G x G m - 
stable and the corresponding strata of the stack quotient of (Mq x AA/^-)/(Gx 
G m ) satisfy the assumptions of Lemma 8.13. Then by using this Lemma, we 
see that for each i the sequence 

0 _> J^GxGm ^ ^ K GxGm (YiQ.) _> 0 

is exact and K GxGm (F i ), 0 < i < r dehne a filtration on K(X). Moreover, for 
each i, K GxGm {F l ) is a submodule over both extended affine Hecke algebras 
K GxG » (Mq x Me Mq) and K Sx G ”(A/^ x^ A/^). □ 

The above proof relies on the following Lemma whose proof will now be 
given. 

Lemma 8.13 (Cellular hbration). Let us consider the following general situ¬ 
ation: k is an algebraically closed field of arbitrary characteristic and X is a 
k-stack of finite type equipped with a filtration 

0 = F° C F 1 C • • • C F r = X 

by closed substacks of X. Assime that for 1 < i < r there exists an affine space 
E % and a connected linear algebraic group P l such that 

pi _ F i ~ l ^E i /P i , 

where E l /P l is the stack quotient. Then the natural sequence 
0 —> K(F i ~ 1 ) —> K(F i ) —y K(E i /P i ) —> 0 
is exact and K(F l ) is a free Z-module. 

Proof. Let U l be the unipotent radical of P l and G l = P l /U l be the reductive 
quotient. Choose a section of the natural projection from G l to P l , it yields a 
map from E l /G l to E l /P l inducing an isomorphism (combined with Thom’s 
isomorphism) 

K{E i / P i )^fK(E i 

where R(G*) denotes the representations ring of G 1 (which is a free Z-module). 
One has an exact sequence 

K 1 (E i /P i ) — K(F i ~ 1 ) —> K(E i /P i ) —> 0. 

Let us show that the map 6 vanishes. By [14, 5.2.18], we have that 

K? {&) 

and by Thom’s isomorphism for higher K-theory [14, 5.4.17] we obtain that 

Kf {E^^AKf (Spec (A:)). 

Now, by [38, Corollary 6.12], K G ' (Spec(fc)) is isomorphic to k* <8>z S, where S 
is a free abelian group generated by the irreducible representations of G l . By 
induction on i we may assume that K l (F l ~ l ) is a free Z-module. To finish the 
proof note that for any free Z-module S, one has Horn z(k*, S) = 0. 
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□ 


9. Howe correspondence in terms of K(X) for dual reductive 

PAIRS OF TYPE II 

Let G = GL n and H = GL m with n < m. We have presented some 
motivation for the forthcoming conjecture in the introduction. Consider the 
Gronthendieck group of the geometric bimodule DPj hX j g (U(F)). The group 
K(DPj hX i g (H(F))) is naturally a module over K(DPj a (FIj G )). This K-group 
K(DPj h (FIi h ))® <Q>£ is isomorphic to the Iwahori-Hecke algebra TLj h ■ Accord¬ 
ing to [19], the Iwahori-Hecke algebra TLi h identifies with H#(g) z r S)S -i]Q^ for the 
map —)■ Q£ sending s to qz. This isomorphism is naturally upgraded 

to the isomorphism 

K(DPi h (FI h )) ® h ^zfs.s- 1 ] 

such that the multiplication by s in H# corresponds to the cohomological shift 
by —1 in K(DPj H (FIh)) ■ Hence under these isomorphisms and Kazhdan- 
Lusztig-Ginzburg isomorphism, K(X ) and K(DPj hX j g (H(F))) are bimodules 
over the affine extended Hecke algebras H^ and H#. Let us enounce the 
following conjecture: 

Conjecture 9.1. The bimodules K(X) and K(DPj hX j g (H(F ))) are isom.or- 
phic under the action of extended affine Hecke algebras H# and Ho. 

The principal result of this paper is the following theorem describing geo¬ 
metric Howe correspondence in terms of geometric Langlands functoriality for 
all dual reductive pairs (GLi, GL m ). 

Theorem 9.2. Conjecture 9.1 is true for (GLi,GL m ) for any m. 

9.1. The proof of Theorem 9.2. 

The rest of the paper is devoted to the proof of Theorem 9.2. Let n = 1 and 
m > 1 and let G = GLi an d H = GL, m , where we consider them as Langlands 
dual groups. The map G x G m —> H is the composition 

GxG m —» G x SL 2 —> G x GL m _i —> H, 

where the latter map is the inclusion of the standard Levi subgroup GLi x 
GL m _i in H and f : SL 2 —> GL m _i corresponds to the principal unipotent 
orbit. In particular the inclusion G in H is the coweight (1,0 ,... ,0) of the 
standard maximal torus of H. The restriction of £ to the maximal torus G m of 
SL 2 is the coweight (0, m — 2, m — 4,..., 2 — m) of H. The element x = c?£(e) 
in Mfj is the subregular nilpotent element given by x(u \) = x(u 2 ) = 0 and 
x(ui- |_i) = Ui for all 2 < i < m. 

Proposition 9.3. The bimodule K(X) identifies with the Springer fiber Bjg 
of the Springer map Mh —t Nfj over the point x. 
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Proof. In this case we have Mq ft — H / G in such way that the map f\ : Mq ft = 
H/G —> Mft defined in (8.9) sends hG to hxhr 1 . The element s in G m acts 
on the left hand side on Mq ft by sending the right coset hG to h^(s) _1 G. The 
variety Mq ft Xjyv Ffft identifies with the variety of pairs (hG, b) such that b 
is a Borel subalgebra in H and hxlF 1 lies in b. Any element (h\, s ) in H x G m 
acts on Mq ft Xjyv Mft by the formula: 

(hi, s).(hG, b) = (hxh^sy'GM^hf 1 ). 

Denote by Bft x the fiber of the Springer map Mft —> Mft over x. The map 

a : G x Gm —^ fid x G m 

sending ( g,s ) to (gf(s),s) identifies G X G m with the stabilizer in H X G m of 
the right coset of the neutral element in H/G. Any element (g, s) of G x G m 
acts on the Springer fiber Bft by 

(g,s).b = (g£(s)b ^(s )^ 1 g- 1 ). 

This yields an isomorphism 

K(X)^K^(Mft t Q x^Mft)^K 6 ^(Bft x ). 

□ 

To compute K(X), we provide an explicit description of the Springer fiber 

®H,x- 

Lemma 9.4. The Springer fiber Bft x is a configuration of projective lines 
(bi)i<i< m —i- For l<i<j<m — 1 the intersection Vj HVi is empty unless 
j = i + 1 . The fixed locus in Bft under the action of G x G m consists of 
m points pi,p 2 , ■ ■ ■ iPm-hPm, where p\ and p m are distinguished points on V\ 
and V m and for 2 < i < m — 1, the point pi is the intersection of V) with Vj+i. 

Proof. Denote by 

Fi C F 2 C • • • C F m = U 0 

a complete flag on the standard representation U$ of H preserved by x. The 
vector space F\ is a subspace of the vector space Ker(x) = Vect(ui,U 2 ). We 
have Vect(u 2 ) = Ker(x) fl Inr(x). If F\ fi Vect(u 2 ) then F 2 = x~ 1 (F\) = 
Vect(u\,u 2 ), F$ = x~ 1 (F 2 ) = Vect(iti, u 2 , ufi ),..., and finally the space F m is 
equal to x~ l (F m _i) = Vect(ui,U 2 ,..., u rn ) = Uq. So we may identify \j with 
the projective space of lines in Vect(«i,« 2 )- The point p 2 is F\ = Vect(u 2 )- 
If Fi = Vect(u 2 ) C Irn(x) then x - 1 (Fi) = Vect(ui, U 2 , U 3 ) and V 2 can be 
identified with the space of lines in x~ l (F\)/F\. Inside Vect(iti, u 2 , ufi) one 
has a distinguished subspace Xect(ui,u 2 ,ufi) fl Inr(x) = Vect(-U 2 > U 3 ). If F 2 is 
different from this subspace then the whole flag Fi is uniquely defined. So the 
point p 3 of V 2 corresponds to F 2 = Vect(u 2 ,U 3 ). If now Fi = Vect(u 2 ) and 
F 2 = Vect(u 2 ,rt 3 ) then x^ 1 (F 2 ) = Vect(ui, u 2 , U 3 , ufi and D 3 is the space of 
lines in x~ l (F 2 )/F 2 . The point p 4 of V 3 corresponds to F 3 = Vect(tt 2 , U 3 , ufi). 
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and one can continue the construction till F m . The points p\ is the stan¬ 
dard complete flag on Uq and p m is the flag Vect(ii 2 ) C Vect^, U 3 ) C • • • C 
Vect(u 2 , • • •, U m ) C Vector, ..., u m ). □ 

This result combined with the Cellular fibration Lemma in [14, § 5.5] implies 
the following: 

Proposition 9.5. The K-group K GxGm (Bp x ) is a free R((7 x G m )-module of 
rank m. Moreover, the R (H)-m.odule structure on K GxGm (Bp ) comes from, 
Res ' 7 : R (H) —► R(G x G m ). 

According to [14, Lemma 7.6.2] the assignment sending T w to s Gw ' 1 for w in 
Wh extends by linearity to an algebra homomorphism 

e : H Wh —* ^l s > s X ] 

HI 

and it is known that the induced H 77 -module Ind H ^ e = H 77 <8 >Hw h e is iso- 
morphic to the polynomial representation [14, 7.6.8]. We have the following 
crucial chain of isomorphisms of Z[s, s _1 ]-modules [14, Formula (7.6.5)]: 

K HxG T -^f K 6xGm (Bp) R(Tt 7 )[s,s- 1 ] A IndjJ^e, 

where the first arrow is the Thom isomorphism [14, Theorem 5.4.16], the map 
a is the canonical isomorphism 

(9.6) K HxG m ^ 6 ^ K Hx G m (h/b 6 )^K b * x Gm (pt) 

=+R (T H x G m )^R(T h^s- 1 }, 

and the map (3 is given for any A by f3(e x ) = e~ A . 

There is a natural action of H 77 on K GxGm (Bp x ) defined uniquely by the 
property that the inclusion of Bp x in Bp yields a R(G x G m ) C>r (7 txG m ) 
equivariant surjection 

R(0 x G m ) ® R0xGm) K 9 ’‘ ,! -( 8 F )=?X <!xC -(B i ) -► 

Consider the diagram 

(9.7) % 11 > K(DP IhxIg (U(F))) 

72 

K Gx Gm (J3p x ), 

i — 

where 71 sends T to Ft fj(F, Iq), and 72 sends T to the action of T on the 
structure sheaf O of Bp . Note that 71 and 72 are surjective. We are now 
going to construct a morphism 

3 : K G ^{Bp iX ) -A K(DP IhxIg (U(F))). 
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which will be induced by 71 . One sees that 71 factors through the surjective 
morphism 71 : H h®u W h € —> K(DPi hX i g (M(F))) of HI//-modules. For proving 
Theorem 9.2 we are reduced to prove the following: 

Proposition 9.8. There is a unique isomorphism of Mu-modules J making 
diagram (9.7) commutative. The map commutes with the El c-actions. 

Note that if n = m = 1 then one has Ih = H(0) and this proposition can 
be deduced from [31, Proposition 4], If m = 2, we can also provide a quick 
proof of the proposition; in this case both K(DPj hX j g (II(F))) and Mu® m Wh e 
are free R(G X G m )-modules of rank 2, and 71 is an isomorphism. 

We have seen in section 7 that the module I\(DPj gX i h (11(F))) is free of 
rank m over R(G x G m ). In the notation of this section, a basis of the group 
K(DPj gX j h (11(F))) is given by the elements IC fc for 0 < k < m — 1, and 
the action of R(G x G m ) is given on this basis in (7.10). Besides, according to 
Theorem 7.7, R (H) acts via Res' 7 . A part of these properties has been already 
proved for K GxGm (Bp I x ) in Proposition 9.5. In the sequel we will construct a 
basis of K GxGm (Bp i ) and we will identify the action of El// on this basis and 
the basis IC fc . The morphism sending one basis to another will be induced by 
71 . Surprisingly the basis we will construct is not the canonical basis of Lusztig 
constructed in [30]. 


We will use the polynomial representation of the affine extended Hecke alge¬ 
bra El// to describe the action of El// on this new basis that we will construct. 
So let us first describe the representation of Mu in R(T//)[s, s -1 ]. Consider 
the polynomial representation of the extended affine Hecke algebra El// of H 
in R(T//)[s, s -1 ]. For v in El// and z in R(T//)[s, s^ 1 ] write v * z for the action 
of v on z. The element e x denotes the element in R(Th)[s,s _ 1 ] corresponding 
to A; according to [14, Formula (7.6.1)], e x as an element of El// acts on any 
element u of R(T//)[s, s^ 1 ] by 

(9.9) e x *u = e~ x u , 


and for any simple root a, the action of T Sa on e x is given by the formula [14, 
Theorem 7.2.16]: 


(9.10) 



g^ _ g^Q! (A) g^ _ g^Q:(^) - l - ^ 

-s 2 - 

e a - 1 e a - 1 


This formula was discovered by Lusztig and was the starting point of the 
K-theoretic approach to Hecke algebras. The formulas (9.9) and (9.10) to¬ 
gether completely determine the polynomial representation of El//. For A dom¬ 
inant, the element e x corresponds in the Iwahori-Hecke algebra to the function 
s~ GX >T t \, where £(X) = (A, 2/5//) and T t a is the characteristic function of the 
double coset Icjt x Icj- Denote by 07 the coweight (1,..., 1,0,..., 0), where 1 
appears i times. For 1 < i < m , denote by w t = t Ui ai the element of length 
zero. The element w± is the generator of the group H// of length zero elements 
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in Wjj\ for any i in Z, W{ = w\. In the extended affine Hecke algebra H h we 
have 

Tt“iT Wi = T a .. 

Further we have = £(at) = (a2 pg) = i(m — i ) and this gives 

( 9 . 11 ) e Ui = . 

In R(Tf/)[s, s -1 ], T ai * 1 = s M m ~i) and this yields 

( s i(™-i) e “i Twi ) * 1 = 

and 

( 9 . 12 ) T Wi * 1 = 

Till now we have described the action of the Wakimoto objects and the elements 
of length zero. We are going to compute the action of the simple reflections s, = 
(i, i + 1) and the affine simple reflection s m = t x wo, where A = (—1, 0 ..., 0,1) 
and wq = (1 ,m) is the longest element of the finite Weyl group of H. For 
1 < i < m we have T Wl T Si T.~ l = T Si+1 and T Wl T Sm T~* = T Sl . For any integer 
j in Z set Sj = Sj+ m and rewrite the above formulas all together as 

rp rp rp —1 rp 

1 Wi 1 Si 1 Wi ~ 1 Si + 1 * 

Thus, for all i and j in Z, 

rp rp rp —1 rp 

1 Wj 1 Si 1 Wj — ±s i+j • 

For any cocharacter /r we have Wit^wf 1 = and we get 

T i rp rri —1 rj~\ 


Proposition 9.13. In the polynomial representation the element T Sm acts on 
1 by (s 2 — 1 ) + s 2 ( m - 1 ) e £+ w i ) where £ = ( 0 , 0 ,..., 0 , — 1 ). 

Proof. Since T Sm = T~^T S 1 T W1 , we get using (9.12) : 

T Sm * 1 = (T~lT Sl ) * 

Let a.i = (0,... , 0,1, — 1,0 ... , 0) and /i* = (0,..., 0,1,0 ... , 0), where 1 ap¬ 
pears on the z th place. Then 


T S1 * e ^ 1 = e ui ~ ai . 


Thus, 

(9.14) 

If £ = = (0,... ,0, —1), then £ is a dominant character, and we have 

W\ (7 1 


T Sm *l = T- 1 1 *s m - 1 e^- a P 


PeTp} =T~ 1 . Thus 


T~t = s l - m e-t T-r. 


Finally we have to compute 


T Sm * 1 = s 1 ~ m e~^T a -i * s m ~ 
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On one hand the reduced decomposition of a 1 1 is s m _i... S 2 S 1 and it follows 
that T a -1 = T Sm _ 1 ... T S 2 T Sl . From (9.10) we get that T Sl * e ^ 2 = (s 2 — l)e ^ 2 + 
s 2 e Ul . For 2 < i < m — 1 we have T Si * e Ul = s 2 e UJl . We also have T S2 * e M2 = 
2-02 — e M3 anc i m ore generally, for 1 < i < m, T s% * e ,H = e IH+1 . By induction 
we get 

T -1 * e ^ 2 = (s 2 - l)e^ m + s 2 (m - 1 } e Wl . 

This implies that 

(9.15) T Sm * 1 = (s 2 - 1) + s 2 ( m - 1 )e i+w 1 . 

□ 

In order to prove Proposition 9.8 we have to study the H/^-module structure 
of K GxGm (Bfj ) and compare this action with the results obtained (7.10). Now 
let us construct the desired basis of K GxGm (Bjj ). Denote by L\ the line bun¬ 
dle on corresponding to coweight A of H as in [14, §6.1.11]. The i7-module 
H °(Bfj,L\) vanishes unless (ai < • • • < a m ). Recall that the nilpotent subreg- 
ular element x in End(C/o) is such that x(u\) = x{v, 2 ) = 0 and x{ui) = 1 

for all 3 < * < m. The natural morphism from R(T)f)[s, s _1 ] to K GxGm (B^ ) 
sends an element e A to L_\. Besides, any element C in K HxGm (Affj) acts on 
K GxGm (Bfj x ) as the tensor product by £1 

’ 0 H,x 

Let {ui,... u m } be the canonical basis of Uq and {«]],..., u* n } the corre¬ 
sponding dual basis. For 1 < i < m set 

Ui = Vect(ui ,... ,Ui) 

and for 1 < i < m — 1 set 

Ul = Vect (u 2 , ■ ■ .,u i+ 1 ), 

with Uq being equal to {0}. Note that for 0 < i < m — 2 the element x acts on 
Ui+ 2 /Ui by zero. For 1 < i < m let Vi be the projective line classifying flags 

U[ C ... !/■_! C Wi C U i+ 1 C • • • C U m , 

where Wi is i-dimensional. The line V) is isomorphic to P(Vect(tti, tti+i)) via 
the map sending a line l to the flag given by 

U[ C ... £/•_! C l © £/■_! C U i+ 1 C • • • C U m . 

Then we have Bfj x = U Wi, (see Lemma 9.4). Recall that there are m. fixed 
points on B^ under the action of G x G m corresponding to the following 
flags: 

(1) pi = Ui C U 2 C • • • C U m . 

(2) For 2 < k < m — 1, 

p k = U[c ... U' k _i C U k C • • • C U m . 

(3) Pm = U[ C U ' 2 C • • • C C U m . 
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Note that for 2 < k < m — 1, the point pk equals I4-i n Vj~. 

Each line V % is endowed with a tautological equivariant line bundle Oy (—1) 
which is an equivariant subbundle of gOy i © s m ~ 2i Oy i . Note that: for 1 < i < 
m — 1 , 

0 Vi (- Pi ) = s 2i ~ m O Vi (- 1 ) and 0 Vi (-p i+1 ) = g-'Oy^- 1 ). 

Thanks to Lusztig [30, §4.7] the elements 0 Pi , Oy 1 (—1),..., Oy m _ 1 (—1) define 
a basis of K GxGm (Bp x ) over R(G)[s, s -1 ]. 

For 1 < i < m, consider the line bundle L UJi on Bp x whose fiber at a point 
F\ c ••• C F m is det(Fj). Recall that det( U [) 1 ) as a G x G m - 

representation. We also have L Wm = gO in K GxGm (Bp ). 

Proposition 9.16. The set of line bundles {O, L- U1 ,... forms a 

basis of K-group K GxGm (Bp ) after specialization. 

Proof. For 1 < k < m — 1 and for any G x G m -equivariant line bundle L on 
Bp , we have the following equality in K GxGm (Bp ): 

k — 1 771—1 

L = E L iv i (~pj+ 1)+ L w k + E L \vj 

1= 1 j=k +1 

We apply this formula to L Wk . Note that : 

-If j < k, = gs^-Wn-VOy,. 

- If j = k, L Uk ^=0 Vj (- 1). 

-If j> k, L Uk ^ = s^ m - k -^0 Vj . 

Hence we get: 

k — 1 771—1 

l=i i=fc+i 

Lastly 

m —1 

° = + E i). 

1=1 

Since (9 P] , Oy x [— 1),..., £V m _i(—1) is a basis of K GxG,m (Bp x ), the previous 
formulas imply that O, L U1 ..., L Um _ 1 is a free family which becomes a basis 
after specializing s to q l G. If we apply the duality functor, we get the same 
result for the family O, L_ U1 ..., . 

□ 

Consider the family {O, s m ~ 1 L- UJ1 , s 2 ( m “ 2 )L_^ 2 ,..., s rn ~ l L- Wm _ 1 }. Thanks 
to Proposition 9.16 this family is also a basis of K GxGm (Bp ) after spe¬ 
cialization. The map 71 factors through morphism 3 sending this basis to 

{icV.-jc™- 1 }. 
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According to (9.12), we have 

72 (T Wi ) = T Wi (0) = 

Hence the action of length zero elements on the basis is compatible with their 
action on {IC°,..., IC m } in §7, (7.10). 


Now we will compute the action of the affine simple reflection s m . Let A 
be the cocharacter (—1,0 ..., 0,1), and consider the associated line bundle L\ 
(resp. E) on Bjg x whose fiber over a flag F\ C ••• C F m = U m is F '* <g> 
F m ./F m _ i(resp. F m /F m _ i). The section u m of the line bundle E yields an 
exact sequence 


0 —> s 2 m O — > E —» (L m _ i,m) Pm —* 0. 

Note that (E) Pm = gO Pm , and (L_ ul ) Pm = s 2 ~ m O Pm . Tensoring by L_ W1 , we 
get the exact sequence on Bjg x 

0 s 2 ~ m L_ Ul gs 2 ~ m O p —> 0. 


Consider u\ A • • • A u^ n _ 1 as global section of over Bg x . It vanishes 

only at p m and gives an exact sequence 

— 1 n 2—m/ 


o 


g 


l o 


L_ 


bJm—l 


O n 


0 . 


Finally we conclude that in K GxGm (B pi x ) 

L\ = s 2_m L_ aJl + gs 2 ~ m O p , and gs 2 ~ m O p 


= gs 2 ~ m L 


^m— 1 


— s 


4—2 m 


o. 


Thus 

L\ = s 2 - m L_ ul + gs 2 ~ rn L- iJrn _ 1 - s 4 ~ 2m O. 

From Proposition 9.13 we obtain that 
(9.17) 

72 (T S J = T Sm (0) = (s 2 - 1)0 + s 2m ~ 2 L\ = -0 + s m L. Ul + gs rn L_ u , 


Finally, s~ 4 T 8m {0)+s~ 4 0 corresponds to Hu{L Srn , Jo), and the formula (9.17) 
is compatible with (7.10) by using the fact that L Srn is isomorphic to Qf[l](^) 
over Flf?. Moreover, for 1 < i < m one has T Si * 1 = v in the polynomial 
representation, hence T Si (0) = vO in K GxGm (B pp ). The other relations are 
readily obtained by symmetry (the action of elements of length zero). This 
finishes the proof of Proposition 9.8 and so Conjecture 9.1. 
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10. Appendix 

Let k be an algebraically closed field of characteristic zero. Let G be a linear 
algebraic group over Q^. Denote by R(G) the representation ring of G over 
(Q>£. By equivariant K-theory on a scheme or a stack we always mean K-theory 
of G-equivariant coherent sheaves. For more details we refer the reader to [14, 
Chapter 5]. 

10.1. Generalities on convolution product in K-theory. 

10.1.1. Let Y be a smooth G-variety and it : Y — > X be a proper G- 
equivariant map. According to [14, 5.2.20] K G (Y Xx Y) is an associative 
R(G)-algebra. Moreover, K G (Y) is naturally a left module over K G (Y xj \Y). 
Namely, for any L in K G {YXxY) and any F in K G (Y ), consider the restriction 
with supports (see [14, §5.2.5 (iii)]) of an element LMF of K G ({Y XjF) x Y) 
with respect to the smooth closed embedding 

. . .. . id X diag 

Y xY Y xY xY 

U U 

Y x x Y -»■ (Y x x Y) x Y 

and denote the result by L (g> p 2 F € K G (Y Xx Y). Then we have L * F = 
(pML®p*F)eK G (Y). 

10.1.2. Let Z be a smooth variety. Consider a G-equivariant morphism from 

Z to X. Then K G (Y XxY) acts on K G (Z Xj xY) by convolution on the right. 
Additionally, this action is R(G)-linear. Namely, for any F in K G (Z XxY ) and 
any L in K G {Y Xx Y), consider the element p\ 2 F in K G {(Z Xx Y) x 

(Y Xx Y r )). Let us apply the restriction with supports functor with respect 
to the smooth closed embedding id x diag x id in the following diagram to 
Pi2 F E PuL 

ZxYxY id x d 4§ x id 2 xFx7xF 

u u 

z xx Yx x Y (Zx x Y)x (Y x x Y) 

and denote the result by Pi 2 F ®P 2 ^ i n K G (Z Xx Y Xx T). The projection 
Pi 3 : Z XxY XxY —>• ZxxY is proper, and we obtain the convolution product 
of F and L denoted by 

F * L = (pi3)*(pl2 F ®P23L) G K°(Z x x Y). 

10.1.3. Let Y be a smooth G-variety and tt : Y —> X a proper G-equivariant 
morphism. Let X —* X and Z —X X be G-equivariant morphisms of varieties. 
Assume Z to be smooth. Then K G (Y Xx Y) acts on the left by convolution 
on K g {Y x y Z). Indeed, for any F in K G {Y Xy Z) and L in K G (Y Xx Y), 
consider p\ 2 L M p^ 4 F in K G ((Y r Xx Y) x (Y x% Z)). Apply the restriction 
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with supports with respect to the smooth closed embedding id x diag X id in 
the following diagram to p\ 2 L Kl p 34 F 

id X diag X id 

Y xY x Z —F Y xY xY x Z 

u u 

YxxYx^Z —t (YxxY)x(Yx^Z). 

and denote the result by p\ 2 L ®p\^F in K G (Y Xj Y x^y Z). The projection 
P 13 : Y x xY x y Z ^ Y x x Z is proper, and we obtain the convolution product 
of L and F denoted by 

L*F=(p 13 Up* 12 L®p* u F)eK G (YXxZ). 

Note actually that the essential thing we need is the fact that the structure 
sheaf Oy of the diagonal Y C Y X Y admits a finite G-equivariant resolution 
by locally free CVxY-modules of finite rank. Then restrict this resolution with 
respect to the flat projection p 23 :Y x Y x Y x Z — > Y x Y. Assume Z —> X 
to be proper, then I\ G {Z x^y Z) acts on K G (Y Xjy Z) by convolutions on the 
right, and the actions of K G (Z x y Z) and of K G (Y Xx Y) commute. 

Let x be a G-fixed point in X. Assume that the morphism X —>■ X factors 
through X —> x —> X. Let Zx be the fiber of Z —> X over x. Moreover, assume 
that Zx is smooth and that it satisfies the conditions of Kiinneth of formula 
[14, Theorem 5.6.1]. Then, we have 

(10.1) I< g (Y x t Z)^YK g (Y x Zx)^K g {Y) ® r(G) K g (Zx). 

Note that K G {Zx) is naturally a K G (Z x^- Z)-nrodule and this is action is 
R(G)-linear. The action of K G (Z Xj^ Z) on K G (Y r Xy2) is R(G)-linear as 
well. One checks that the action of K G (Z Xj^ Z) on the right hand side of 
(10.1) comes by functoriality from the corresponding action on K G (Zx)- 

10.2. Generalities on group actions and stacks. Let G and H be two 

algebraic groups, <j) : G —> H be a morphism of groups and let X be a G- 
variety. The induced H-v ariety H XqX with respect to 4> is the stack quotient 
(. H x X)/G, where G acts on Ft x X by 

9 -(h,x) = {h<t>(g)- l ,g.x). 

Let us show that that ( H Xq X)/H and X/G are isomorphic as stacks. The 
space (H xq X) can be represented by the groupoid 

H x X 4 —~ GxH xX 

where s(g,h,x) = (h,x) and t(g,h,x ) = (h^g )^ 1 , gx). The //-action on the 
objects and morphisms of this groupid is given by 

h .( h, x) = (h h, x) 

h'.(g,h,x) = ( g,h'h,x ) 
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Thus (H x g X)/H is represented by the groupoi'd Q given by 

/ 

H x X 4 — H x G x H x X 

t 

where s'(hi, g, h, 2 , x) = ( h- 2 ,x ) and t (hi, g, h- 2 , x) = (hih 2 (j)(g)~ 1 , g-x). It is 
then easy to check that the natural morphism from Q to the action groupoi'd 

X 4- G x X 

is an equivalence. 

This kind of arguments will be used repeatedly. To avoid writing down the 
stack morphisms we will deal with induced varieties as if they were ordinary 
schemes. 

Let (j) : G —>• H be morphism of groups (as before) and let X' and Y' be two 
G-varieties with Y' being smooth. Let n' : Y' —> X' be a proper morphism of 
G- varieties. Let X = H x G X' and Y = H XqY ', X and Y are iL-stacks. 
Then we have the following isomorphism 

Y x x Y^Hx G (Y' x x , Y') 

as H-v arieties. So, we have an isomorphism of stack quotients 
(Yx x Y)/H^(Y'x x ,Y')/G, 
and we get an isomorphism of algebras 

K h (Y x x Y)^YK g (Y' x X i Y'). 

Let Y\ be a G-scheme, and Y, Y be two iL-schemes. Consider the Cartesian 
diagram 


Y\ x y Y --F, 

Y ->■ Y, 

where the map Y Y is H-e quivaria.nt and the map / : Yf —> Y is G- 
equivaria.nt, the action of G on Y being induced by morphism cj). The group 
G acts diagonally on the fiber product Y\ Xy Y. This allows us to consider the 
induced space H x G (Y\ Xy Y). On the other hand, we have a iL-equivariant 
map fi : H x G Y± —> Y given by fi(h,yi) = hf(yi). Consider the cartesian 
diagram 

(Hx G Yi) XyY -- Hx G Y 1 

fl 


Y 


Y. 
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and let H act diagonally on the fiber product (H Xg Yf) XyF. 

Lemma 10.2. There is a H-equivariant isomorphism of stacks 
(10.3) Hx G (F 1 XyfH(H XG y 1 ) Xr f. 

Proof. The isomorphism is furnished by the H -equivariant map 
H x q (y, Xy Y) -+(H XgY^XyY 
(h, (yi,u)) -+{(h,y{),hu) 

For g in G, this map is given by 

{g^yi, (fiigy'u)) -X (0 hg,g~ l y{),hu ). 

It is if-equivariant isomorphism and yields the desired isomorphism (10.3). □ 
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